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Äîêàçàòåëüñòâà òðóäíîñòè ïðèáëèæåíèÿ

NP-òðóäíîñòü Îïòèìàëüíûå êîíñòàíòû òî÷íîñòè

MAX-LCk(1, ε) MAX-3LIN, MAX-3SAT

MAX-ULCk MAX-CUT, MAX-2SAT, MIN-VC

Çàäà÷à MAX-ULCk íåôîðìàëüíî

Ðå÷ü èä¼ò îá èãðå â äîïðîñ (îäèí Ïðîâåðÿþùèé, äâà Äîêàçûâàþùèõ),

â êîòîðîé îòâåòû Äîêàçûâàþùèõ äîëæíû áûòü ñòðîãî ñîãëàñîâàíû:

äëÿ êàæäîãî îòâåòà îäíîãî åñòü ðîâíî îäèí îòâåò äðóãîãî, êîòîðûé

óäîâëåòâîðèò Ïðîâåðÿþùåãî.
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Áèåêòèâíûå èãðû

Çàäà÷à MAX-ULCk

Äàíî: äâóäîëüíûé ãðàô îãðàíè÷åíèé; âåðøèíû â äîëå V1 èìåþò

îäèíàêîâóþ ñòåïåíü; îãðàíè÷åíèÿ � áèåêöèè, òî åñòü äëÿ

êàæäîãî ðåáðà e = (v1v2) çàäàíà áèåêöèÿ πe : Σ→ Σ,
îãðàíè÷åíèå íà ðåáðå âûïîëíåíî ïðèñâàèâàíèåì σ, åñëè
πe(σ(v1)) = σ(v2). Ðàçìåð àëôàâèòà ðàâåí k .

Íàéòè: ïðèñâàèâàíèå, âûïîëíÿþùåå ìàêñèìàëüíîå êîëè÷åñòâî

îãðàíè÷åíèé.

Ãèïîòåçà Õîòà, UGC

Äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå k , ÷òî çàäà÷à MAX-ULCk(1− ε, ε)
ÿâëÿåòñÿ NP-òðóäíîé.
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Áèåêòèâíûå èãðû
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Ñðàâíåíèå ôóíêöèîíàëüíûõ è áèåêòèâíûõ îãðàíè÷åíèé

1 Çàäà÷à MAX-LC7(1, 1− ε) ÿâëÿåòñÿ NP-òðóäíîé.

2 Ïðè ëþáîì k çàäà÷à MAX-ULCk(1, 1− ε) ëåæèò â P.
Ïðîâåðêà âîçìîæíîñòè âûïîëíèòü âñå îãðàíè÷åíèÿ: âûáèðàåì

îäíó èç âåðøèí, ïðîâåðÿåì âîçìîæíûå ïðèñâàèâàíèÿ äëÿ íå¼ è

ðàñïðîñòðàíÿåì çíà÷åíèÿ ïî ãðàôó, óäîâëåòâîðÿÿ áèåêòèâíûì

îãðàíè÷åíèÿì.

Èç-çà áèåêòèâíîñòè ðàñïðîñòðàíåíèå îäíîçíà÷íî îïðåäåëåíî.
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σ(u) = 1 σ(v) =? Åñëè σ(u) = 1 è πuv (1) = 2, òî σ(v) = 2.
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UGC-îïòèìàëüíîñòü êîíñòàíòû Ã¼ìàíñà�Âèëüÿìñîíà

Òåîðåìà

Èç UGC ñëåäóåò, ÷òî äëÿ ëþáûõ ϑ, π/2 < ϑ < π è ε > 0 çàäà÷à

MAX-CUT((1− cosϑ)/2− ε, ϑ/π + ε) ÿâëÿåòñÿ NP-òðóäíîé.

Íàïîìèíàíèå

Êîíñòàíòà Ã¼ìàíñà�Âèëüÿìñîíà

αGW = min
0<ϑ<π

ϑ/π

(1− cosϑ)/2
≈ 0.8786,

ìèíèìóì äîñòèãàåòñÿ ïðè ϑ∗ ≈ 133◦.
Ïîýòîìó èç òåîðåìû ñëåäóåò, ÷òî â ïðåäïîëîæåíèè UGC è P 6= NP äëÿ

çàäà÷è MAX-CUT íå ñóùåñòâóåò ïîëèíîìèàëüíîãî àëãîðèòìà ñ

òî÷íîñòüþ αGW + ε.
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Îáùèé ïëàí äîêàçàòåëüñòâà

Àíàëîãè÷íî òåîðåìå Õîñòàäà: ñòðîèì PCP àëãîðèòì äëÿ

MAX-ULCm(1− δ, δ).
Àëãîðèòì ðàáîòàåò ñ ¾äîêàçàòåëüñòâîì¿: ñïèñîê òàáëèö çíà÷åíèé

áóëåâûõ ôóíêöèé fw äëÿ êàæäîé âåðøèíû ãðàôà.

(Ïðåäïîëîæèòåëüíî, ýòî äëèííûå êîäû ïðèñâàèâàíèÿ.)

Àëãîðèòì äåëàåò âñåãî 2 çàïðîñà ê òàáëèöàì è ïðîâåðÿåò ïîëó÷åííûå

áèòû íà íåðàâåíñòâî. (Ôàêòè÷åñêè, ïðîâåðÿåò âûïîëíåíèå

îãðàíè÷åíèÿ íà ðåáðå.)

Îòñþäà ïîëó÷àåòñÿ âçâåøåííûé ãðàô äëÿ çàäà÷è MAX-CUT.

Îòëè÷èå îò òåîðåìû Õîñòàäà:

Íåëüçÿ ñðàâíèâàòü òàáëèöû â äâóõ êîíöàõ ðåáðà. Ãðàô îãðàíè÷åíèé

äâóäîëüíûé, ïîýòîìó ïðè òàêîì ñðàâíåíèè âñåãäà áóäåò ðàçðåç

ìàêñèìàëüíîãî âåñà.
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Íåôîðìàëüíîå îïèñàíèå çàïðîñîâ

Îãðàíè÷åíèÿ áèåêòèâíû, ïîýòîìó çíà÷åíèÿ ïðèñâàèâàíèÿ â ëåâîé äîëå

îïðåäåëÿþòñÿ ïî çíà÷åíèÿì â ïðàâîé äîëå.
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v

w

w′

π

π′

V W
Ïðè âûïîëíåíèè îãðàíè÷åíèé íà ð¼áðàõ

fw (π ◦ x) = fv (x) = fw ′(π
′ ◦ x).

(fw (x) �ôóíêöèè èç ¾äîêàçàòåëüñòâà¿)

Çäåñü ◦�äåéñòâèå ïåðåñòàíîâêè íà êîîðäèíàòàõ, à π, π′ �
îãðàíè÷åíèÿ-ïåðåñòàíîâêè íà ð¼áðàõ (v ,w), (v ,w ′) ñîîòâåòñòâåííî:

π(σ(w)) = σ(v); π′(σ(w ′)) = σ(v),
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Ìû õîòèì ïðîâåðÿòü îãðàíè÷åíèÿ âèäà íåðàâåíñòâà. Äëÿ ýòîãî áóäåì

äîáàâëÿòü øóì (ïî÷òè èíâåðòèðîâàòü x).
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Òî÷íîå îïèñàíèå çàïðîñîâ â PCP àëãîðèòìå

Êàê è ðàíüøå, íàðÿäó ñ ϑ èñïîëüçóåì ïàðàìåòð ρ = cosϑ, −1 < ρ < 0.

1 Âûáðàòü x èç ðàâíîìåðíîãî ðàñïðåäåëåíèÿ íà {0, 1}m, à x ′ �èç

ðàñïðåäåëåíèÿ Nρ(x) (âåðîÿòíîñòü èíâåðòèðîâàíèÿ êàæäîãî áèòà

ðàâíà (1− ρ)/2).

2 Âûáðàòü ñëó÷àéíî âåðøèíó v èç ëåâîé äîëè V èç ðàâíîìåðíîãî

ðàñïðåäåëåíèÿ.

3 Âûáðàòü äâóõ ñëó÷àéíûõ ñîñåäåé w , w ′ âåðøèíû v
(ðàñïðåäåëåíèå ðàâíîìåðíîå).

4 Çàïðîñèòü èç òàáëèö áèòû fw (π ◦ x) è fw ′(π
′ ◦ x ′) è îòâåòèòü ¾äà¿,

åñëè

fw (π ◦ x) 6= fw ′(π
′ ◦ x ′).

Çäåñü π, π′ � îãðàíè÷åíèÿ-ïåðåñòàíîâêè íà ð¼áðàõ (v ,w), (v ,w ′)
ñîîòâåòñòâåííî.
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Ñâîéñòâà àëãîðèòìà

Ëåììà î ïîëíîòå

Ïóñòü ε > 2δ. Åñëè äëÿ ãðàôà îãðàíè÷åíèé ñóùåñòâóåò ïðèñâàèâàíèå,

êîòîðîå âûïîëíÿåò äîëþ 1− δ îãðàíè÷åíèé, òî ñóùåñòâóåò òàêîé

íàáîð òàáëèö, íà êîòîðîì âåðîÿòíîñòü îòâåòà ¾äà¿ â òåñòå íå ìåíüøå

1− ρ
2
− ε.

Ëåììà î êîððåêòíîñòè

Ñóùåñòâóþò òàêèå êîíñòàíòû τ è C , çàâèñÿùèå îò ρ, ε, ÷òî ïðè

δ = ετ2

8C 6 ε
2
ñïðàâåäëèâî:

åñëè äëÿ ãðàôà îãðàíè÷åíèé ëþáîå ïðèñâàèâàíèå âûïîëíÿåò íå áîëåå

äîëè δ îãðàíè÷åíèé, òî äëÿ ëþáîãî íàáîðà òàáëèö âåðîÿòíîñòü îòâåòà

¾äà¿ â òåñòå íå áîëüøå
arccos ρ

π
+ ε.
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Âûâîä òåîðåìû èç êîððåêòíîñòè è ïîëíîòû

Òåîðåìà

Èç UGC ñëåäóåò, ÷òî äëÿ ëþáûõ ϑ, π/2 < ϑ < π è ε > 0 çàäà÷à

MAX-CUT((1− cosϑ)/2− ε, ϑ/π + ε) ÿâëÿåòñÿ NP-òðóäíîé.

Âûáèðàåì

δ =
ετ2

8C

(τ , C èç ëåììû î êîððåêòíîñòè) è m òàêîå, ÷òî NP-òðóäíà çàäà÷à

MAX-ULCm(1− δ, δ). (Õîò îáåùàåò, ÷òî òàêîå m íàéä¼òñÿ.)

Ñòðîèì ñâîäèìîñòü

MAX-ULCm(1− δ, δ) 6p MAX-CUT((1− ρ)/2− ε, arccos ρ/π + ε)
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Ïîñòðîåíèå ñâîäèìîñòè

Îòîáðàæåíèå G (V ,W , π) 7→ H ãðàôà îãðàíè÷åíèé â ãðàô äëÿ

MAX-CUT.

Âåðøèíû H: ïàðû (w , y), w ∈W , y ∈ {0, 1}m.
Ð¼áðà H: òàêèå ((w , y), (w ′, y ′)), ÷òî â ëåâîé äîëå V ãðàôà G åñòü

îáùèé ñîñåä v ó âåðøèí w , w ′.
Âåñ ðåáðà ðàâåí âåðîÿòíîñòè ïîëó÷èòü ïàðû (w , y), (w ′, y ′) â òåñòå. Òî
åñòü âåðîÿòíîñòü òîãî, ÷òî y = π ◦ x , y ′ = π′ ◦ x ′, ãäå π, π′ �
îãðàíè÷åíèÿ íà ð¼áðàõ (v ,w), (v ,w ′) ãðàôà îãðàíè÷åíèé G .

Íàáëþäåíèå

Ðàçðåç â ãðàôå H çàäà¼ò â êàæäîé âåðøèíå w ãðàôà G áóëåâó

ôóíêöèþ fw , êîòîðàÿ óêàçûâàåò, â êàêóþ äîëþ ïîïàäàåò âåðøèíà

(w , x). Âåðíî è îáðàòíîå: íàáîð ôóíêöèé fw çàäà¼ò ðàçðåç â ãðàôå H.
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Ðàçðåç â ãðàôå H çàäà¼ò â êàæäîé âåðøèíå w ãðàôà G áóëåâó

ôóíêöèþ fw , êîòîðàÿ óêàçûâàåò, â êàêóþ äîëþ ïîïàäàåò âåðøèíà

(w , x). Âåðíî è îáðàòíîå: íàáîð ôóíêöèé fw çàäà¼ò ðàçðåç â ãðàôå H.

Ì. Âÿëûé (ÂÖ ÔÈÖ ÈÓ ÐÀÍ) Ëåêöèÿ 10: Ãèïîòåçà Õîòà ÑÏá, CSclub, 2016 11 / 31



Êîððåêòíîñòü ñâîäèìîñòè

Åñëè â ãðàôå G åñòü ïðèñâàèâàíèå, êîòîðîå âûïîëíÿåò äîëþ

îãðàíè÷åíèé 1− δ, òî ïî ëåììå î ïîëíîòå åñòü íàáîð òàáëèö, íà

êîòîðîì âåðîÿòíîñòü îòâåòà ¾äà¿ â òåñòå íå ìåíüøå (1− ρ)/2− ε.
Âåñ ðàçðåçà, êîòîðûé çàäà¼òñÿ ôóíêöèÿìè èç ýòîãî íàáîðà, ðàâåí

âåðîÿòíîñòè îòâåòà ¾äà¿ â òåñòå.

Åñëè æå â ãðàôå G âñå ïðèñâàèâàíèÿ âûïîëíÿþò íå áîëåå δ äîëè
îãðàíè÷åíèé, ëåììà î êîððåêòíîñòè ãàðàíòèðóåò, ÷òî äëÿ ëþáîãî

íàáîðà òàáëèö (ðàçðåçà â H) âåðîÿòíîñòü îòâåòà ¾äà¿ (âåñ ðàçðåçà) íå

áîëüøå arccos ρ/π + ε.
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Ëåììà î ïîëíîòå

Ïóñòü σ : (V ∪W )→ [m] óäîâëåòâîðÿåò (1− δ) äîëå îãðàíè÷åíèé.
Íàáîð òàáëèö: fw ÿâëÿåòñÿ äëèííûì êîäîì σ(w).
Ãðàô îãðàíè÷åíèé ðåãóëÿðåí â ëåâîé äîëå, ïîýòîìó âåðîÿòíîñòü

ïîÿâëåíèÿ ð¼áåð â òåñòå îäèíàêîâà äëÿ âñåõ ð¼áåð.

Ñ âåðîÿòíîñòüþ íå ìåíüøå 1− 2δ îãðàíè÷åíèÿ áóäóò âûïîëíåíû íà

îáîèõ âûáðàííûõ â òåñòå ð¼áðàõ (v ,w), (v ,w ′).
Äàëåå ñ÷èòàåì, ÷òî π(σ(w)) = σ(v) = π′(σ(w ′)).

Ïðîâåðêà â òåñòå: xπ(σ(w)) = fw (π ◦ x) 6= fw ′(π
′ ◦ x ′) = (x ′)π′(σ(w ′))

Ðàâíîñèëüíà: xσ(v) 6= (x ′)σ(v)

Âåðîÿòíîñòü: Pr
x ′←Nρ(x)

[xσ(v) 6= (x ′)σ(v)] =
1

2
(1− ρ).

Âåðîÿòíîñòü îòâåòà ¾äà¿ â òåñòå íå ìåíüøå

(1− 2δ) · 1− ρ
2

=
1− ρ
2
− 2δ · 1− ρ

2
>

1− ρ
2
− ε, (ε > 2δ).
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Ëåììà î êîððåêòíîñòè (íåôîðìàëüíàÿ èäåÿ)

Ðàññóæäåíèå àíàëîãè÷íî òåîðåìå Õîñòàäà. Ïðåäïîëîæèì, ÷òî òåñò

îòâå÷àåò ¾äà¿ ñ áîëüøîé âåðîÿòíîñòüþ. Íàéä¼ì ïðèñâàèâàíèå,

êîòîðîå âûïîëíÿåò áîëüøóþ äîëþ îãðàíè÷åíèé.

Â òåîðåìå Õîñòàäà èñêîìîå ïðèñâàèâàíèå ñòðîèëîñü ñ èñïîëüçîâàíèåì

êîýôôèöèåíòîâ Ôóðüå ôóíêöèé, çàäàííûõ òàáëèöàìè.

Çäåñü òàêæå íóæíî èñïîëüçîâàòü ïðåîáðàçîâàíèå Ôóðüå, íî áîëåå

ñëîæíûì îáðàçîì.

Íåôîðìàëüíàÿ èäåÿ ïîñòðîåíèÿ òàêîãî ïðèñâàèâàíèÿ ñîñòîèò â òîì,

÷òîáû âûáèðàòü åãî çíà÷åíèÿ èç ¾âëèÿòåëüíûõ¿ ïåðåìåííûõ â

ôóíêöèÿõ fw , à òàêæå âñïîìîãàòåëüíûõ ôóíêöèÿõ gv äëÿ âåðøèí â

ëåâîé äîëå.
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Óñòîé÷èâîñòü áóëåâîé ôóíêöèè ê øóìó

Îïðåäåëåíèå

Óñòîé÷èâîñòü ê øóìó: Sρ(f ) = E
x←U

y←Nρ(x)

[f (x) · f (y)], f : {+1,−1}n → R.

Äëÿ áóëåâûõ ôóíêöèé f : {+1,−1}n → {+1,−1}

Sρ(f ) = 1− 2 Pr
x←U

y←Nρ(x)

[f (x) 6= f (y)].
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Óñòîé÷èâîñòü ê øóìó ÷åðåç êîýôôèöèåíòû Ôóðüå

Ëåììà

Sρ(f ) = 〈f ,Tρf 〉 =
∑
S⊆[n]

f̂ (S)2 · ρ|S |
(
Tρf (x) = E

y←Nρ(x)
[f (y)]

)
.

Âòîðîå ðàâåíñòâî ñëåäóåò èç âûðàæåíèÿ îïåðàòîðà øóìà â áàçèñå

õàðàêòåðîâ T̂ρf (S) = ρ|S |f̂ (S) è îðòîãîíàëüíîñòè õàðàêòåðîâ.

Âûâîä ïåðâîãî ðàâåíñòâà:

Sρ(f ) = E
x←U

y←Nρ(x)

[f (x) · f (y)] = E
x←U

f (x) · E
y←Nρ(x)

[f (y)] =

= E
x←U

f (x)Tρf (x) = 〈f ,Tρf 〉.

Íåôîðìàëüíûé ñìûñë: äëÿ óñòîé÷èâîñòè ê øóìó íóæíî èìåòü

¾ìíîãî¿ õàðàêòåðîâ ìàëîãî âåñà, òàê êàê õàðàêòåðû áîëüøèõ âåñîâ

äàþò ìàëûé âêëàä â óñòîé÷èâîñòü èç-çà ìíîæèòåëÿ ρ|S|.
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Ëåììà

Sρ(f ) = 〈f ,Tρf 〉 =
∑
S⊆[n]

f̂ (S)2 · ρ|S |
(
Tρf (x) = E

y←Nρ(x)
[f (y)]

)
.
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f (x) · E
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x←U
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Ôóíêöèÿ ãîëîñîâàíèÿ è å¼ óñòîé÷èâîñòü ê øóìó

Majn(x1, . . . , xn) =

{
−1, áîëüøå ïîëîâèíû àðãóìåíòîâ ðàâíû −1,
+1, â ïðîòèâíîì ñëó÷àå.

Òåîðåìà

lim
n→∞

Sρ(Majn) = 1− 2 arccos ρ

π
.

Ôîðìóëà Øåïàðäà

Ïóñòü z1, z2 �äâå ñòàíäàðòíûå ãàóññîâû âåëè÷èíû ñ êîððåëÿöèåé

E[z1z2] = ρ. Òîãäà

Pr[z1 6 0, z2 6 0] =
1

2
− 1

2
· arccos ρ

π
.
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Majn(x1, . . . , xn) = sign
( 1√

n

∑
i

xi

)
.



Âëèÿíèå ïåðåìåííîé (in�uence)

Îïðåäåëåíèå

Inf i (f ) = Prx←U [ôóíêöèÿ f èçìåíÿåòñÿ ïðè èçìåíåíèè ïåðåìåííîé xi ]

Ëåììà

Inf i (f ) =
∑
S3i

f̂ (S)2.

Âëèÿíèå îãðàíè÷åííîãî âåñà

Inf
6C
i (f ) =

∑
|S |6C
S3i

f̂ (S)2
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Âûâîä ôîðìóëû äëÿ âëèÿíèÿ

×àñòíàÿ ïðîèçâîäíàÿ

Di f (x) =
f
(
x
∣∣
xi :=−1

)
− f
(
x
∣∣
xi :=+1

)
2

∈ {−1, 0,+1}

Inf i (f ) = Pr
x←U

[
|Di f (x)| = 1

]
,

Inf i (f ) = E
x←U

[Di f (x)2] = 〈Di f (x),Di f (x)〉,

Di f (x) =
∑
S3i

f̂ (S)χS\{i}(x)

Èç ðàâåíñòâà Ïëàíøåðåëÿ

Inf i (f ) =
∑
S3i

f̂ (S)2.
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Ôóíêöèÿ ãîëîñîâàíèÿ � ñàìàÿ ñòàáèëüíàÿ

Òåîðåìà (Majority is the stablest, MIS)

Äëÿ ëþáûõ 0 < ρ < 1, ε > 0 íàéä¼òñÿ òàêîå τ , ÷òî åñëè äëÿ ôóíêöèè

f : {±1}n → [−1; 1] âûïîëíÿþòñÿ óñëîâèÿ E[f ] = 0 è Inf i (f ) 6 τ äëÿ

âñåõ 1 6 i 6 n, òî

Sρ(f ) 6 1− 2

π
arccos ρ+ ε.

Äîêàçàòåëüñòâî òðóäíîå, âêëþ÷àåò ìíîãî àíàëèçà: êîíöåíòðàöèÿ ìåðû,

èçîïåðèìåòðèÿ äëÿ ãàóññîâà ðàñïðåäåëåíèÿ è ò.ï.
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Âàðèàíò ñ âëèÿíèÿìè îãðàíè÷åííîãî âåñà

Òåîðåìà 2

Äëÿ ëþáûõ 0 < ρ < 1, ε > 0 íàéäóòñÿ òàêèå τ , C ÷òî åñëè äëÿ

ôóíêöèè f : {±1}n → [−1; 1] âûïîëíÿþòñÿ óñëîâèÿ E[f ] = 0 è

Inf
6C
i (f ) 6 τ äëÿ âñåõ 1 6 i 6 n, òî

Sρ(f ) 6 1− 2

π
arccos ρ+ ε.

Ñðàâíèòåëüíî ëåãêî âûâîäèòñÿ èç îñíîâíîé MIS òåîðåìû.

Èäåÿ: Åñëè f óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû ñ âëèÿíèÿìè

îãðàíè÷åííîãî âåñà, òî ôóíêöèÿ g = Tγf óäîâëåòâîðÿåò óñëîâèÿì

îñíîâíîé òåîðåìû ïðè ïîäõîäÿùèõ çíà÷åíèÿõ ïàðàìåòðîâ.
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Ñëó÷àé èíâåðòèðóþùåãî øóìà (ρ < 0)

Òåîðåìà 3: ôóíêöèÿ ãîëîñîâàíèÿ ñàìàÿ íåñòàáèëüíàÿ

Äëÿ ëþáûõ −1 < ρ < 0, ε > 0 íàéäóòñÿ òàêèå τ , C ÷òî åñëè äëÿ

ôóíêöèè f : {±1}n → [−1; 1] âûïîëíÿþòñÿ óñëîâèÿ Inf
6C
i (f ) 6 τ äëÿ

âñåõ 1 6 i 6 n, òî

Sρ(f ) > 1− 2

π
arccos ρ− ε.

Çàìå÷àíèÿ
1 Â ýòîé òåîðåìå íå òðåáóåòñÿ ñáàëàíñèðîâàííîñòè ôóíêöèè.

2 Â äîêàçàòåëüñòâå ëåììû êîððåêòíîñòè íàì ïîòðåáóåòñÿ

ðàâíîñèëüíàÿ ôîðìà íåðàâåíñòâà

1

2
− 1

2
Sρ(f ) 6

arccos ρ

π
+
ε

2
.
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Âûâîä òåîðåìû 3 èç òåîðåìû 2

Ïóñòü −1 < ρ < 0 è äëÿ ôóíêöèè f : {±1}n → [−1; 1] âûïîëíÿþòñÿ
óñëîâèÿ Inf

6C
i (f ) 6 τ äëÿ âñåõ 1 6 i 6 n.

Ðàññìîòðèì íå÷¼òíóþ ÷àñòü

g(x) =
1

2

(
f (x)− f (−x)

)
=

∑
|S | íå÷¼òíà

f̂ (S)χS(x).

Äëÿ íå¼ âûïîëíÿþòñÿ E[g ] = 0 è

Inf
6C
i (g) =

∑
|S| íå÷¼òíà
|S |6C

f̂ (S)2 6
∑
|S|6C

f̂ (S)2 = Inf
6C
i (f ) 6 τ.

Ïîýòîìó ê ôóíêöèè g ïðèìåíèìà òåîðåìà 2 äëÿ −ρ:

−Sρ(g) = S−ρ(g) 6 1− 2

π
arccos(−ρ) + ε.

Íî Sρ(f ) > Sρ(g) > −1 +
2

π
arccos(−ρ)− ε = 1− 2

π
arccos ρ− ε.
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Ëåììà î êîððåêòíîñòè: øàã 1

×òî õîòèì äîêàçàòü:

åñëè íà íàáîðå òàáëèö {fw} òåñò äà¼ò îòâåò ¾äà¿ ñ âåðîÿòíîñòüþ íå

ìåíüøå arccos ρ/π + ε, òî ñóùåñòâóåò ïðèñâàèâàíèå σ : (V ∪W )→ [m],
êîòîðîå óäîâëåòâîðÿåò äîëå > δ îãðàíè÷åíèé.

Óòâåðæäåíèå (àíàëîãè÷íî íåðàâåíñòâó Ìàðêîâà)

Äëÿ > ε/2 äîëè âåðøèí èç V òåñò óñïåøåí ñ âåðîÿòíîñòüþ áîëüøå

arccos ρ/π + ε/2.

Â ïðîòèâíîì ñëó÷àå îáùàÿ âåðîÿòíîñòü îòâåòà ¾äà¿ íå áîëüøå

ε

2
· 1 +

(
1− ε

2

)
·
(arccos ρ

π
+
ε

2

)
<

arccos ρ

π
+ ε.

Õîðîøèå âåðøèíû â ëåâîé äîëå

Òå âåðøèíû èç V , íà êîòîðûõ âåðîÿòíîñòü óñïåõà > arccos ρ/π + ε/2
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Ëåììà î êîððåêòíîñòè: øàã 2

Âñïîìîãàòåëüíûå ôóíêöèè â âåðøèíàõ ëåâîé äîëè

×åðåç Uv îáîçíà÷èì ðàâíîìåðíîå ðàñïðåäåëåíèå íà ñîñåäÿõ

âåðøèíû v . Òîãäà

gv (x) = E
w←Uv

[fw (πv ,w ◦ x)].

Åñëè ïðèñâàèâàíèå σ âûïîëíÿåò îãðàíè÷åíèÿ íà âñåõ ð¼áðàõ,

âûõîäÿùèõ èç v , è âñå fw ÿâëÿþòñÿ äëèííûìè êîäàìè σ(w), òî gv
ÿâëÿåòñÿ äëèííûì êîäîì σ(v):

E
w←Uv

[xπv,w (σ(w))] = E
w←Uv

[xσ(v)] = xσ(v).

Â îáùåì ñëó÷àå ýòî êàêîå-òî ïðèáëèæåíèå ê äëèííîìó êîäó

ïðèñâàèâàíèÿ â âåðøèíå v .
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Ëåììà î êîððåêòíîñòè: øàã 3

Âåðîÿòíîñòü óñïåõà òåñòà â âûáðàííîé âåðøèíå v ∈ V :

Pr[îòâåò ¾äà¿] = Pr
x ,x ′,w ,w ′

[fw (π ◦ x)fw ′(π
′ ◦ x ′) = −1] =

=
1

2
− 1

2
E
x ,x ′

E
w ,w ′

[fw (π ◦ x)fw ′(π
′ ◦ x ′)] =

=
1

2
− 1

2
E
x ,x ′

[gv (x)gv (x ′)] =
1

2
− 1

2
Sρ(gv )

Â õîðîøåé âåðøèíå
1
2
− 1

2
Sρ(gv ) > arccos ρ

π + ε
2
ïðîòèâîðå÷èò íåðàâåíñòâó èç òåîðåìû î

ñàìîé íåñòàáèëüíîé 1
2
− 1

2
Sρ(gv ) 6 arccos ρ

π + ε
2
.

Çíà÷èò, ó ôóíêöèè gv åñòü âëèÿòåëüíûå ïåðåìåííûå ìàëîãî âåñà.

Ïóñòü jv � òàêàÿ ïåðåìåííàÿ, òî åñòü Inf
6C
jv

[gv ] > τ .
Äëÿ äèêòàòîðà gv (x) = xj áóäåò âûáðàíî èìåííî j (ó îñòàëüíûõ
âëèÿíèå 0).
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Âåðøèíû w , w ′ âûáèðàþòñÿ íåçàâèñèìî

x ′ ← Nρ(x)
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Â èñêîìîì ïðèñâàèâàíèè, âûïîëíÿþùåì ìíîãî îãðàíè÷åíèé

σ(v) = jv � âûáèðàåì îäíó èç âëèÿòåëüíûõ ïåðåìåííûõ.



Ëåììà î êîððåêòíîñòè: øàã 4

Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè fw (π ◦ x):

fw (π ◦ x) =
∑
S

f̂w (S)χS(π ◦ x) =
∑
S

f̂w (S)χπ(S)(x) =

=
∑
T

f̂w (π−1(T ))χT (x)

Ïîäñòàâèì ïîëó÷åííûå âûðàæåíèÿ â îïðåäåëåíèå ôóíêöèé gv è

âîñïîëüçóåìñÿ ëèíåéíîñòüþ ìàòîæèäàíèÿ

gv (x) = E
w←Uv

[fw (πv ,w ◦ x)] =
∑
T

(
E

w←Uv

[f̂w (π−1v ,w (T ))]

)
χT (x).
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Ëåììà î êîððåêòíîñòè: øàã 5

Îöåíêà âëèÿíèé ôóíêöèé fw äëÿ ñîñåäåé õîðîøåé âåðøèíû:
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Ëåììà î êîððåêòíîñòè: øàã 6

Ïîëó÷èëè íà ïðåäûäóùåì øàãå

E
w←Uv

[
Inf

6C

π−1v,w (jv )
(fw )

]
> τ.

Çíà÷èò, äëÿ äîëè > τ/2 ñîñåäåé w õîðîøåé âåðøèíû v ó ôóíêöèè fw
âëèÿíèå âåñà 6 C ïî ïåðåìåííîé π−1v ,w (jv ) íå ìåíüøå τ/2. (Àíàëîãè÷íî
øàãó 1.)

Íàçîâ¼ì òàêèõ ñîñåäåé ¾õîðîøèìè¿.

Îáîçíà÷åíèå ìíîæåñòâà âëèÿòåëüíûõ ïåðåìåííûõ

Sw = {k : Inf6C
k (fw ) > τ/2}.
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Ëåììà î êîððåêòíîñòè: øàã 7

Ëåììà

Äëÿ ëþáîé ôóíêöèè h âûïîëíÿåòñÿ
∣∣∣{k : Inf6C

k (h) > η}
∣∣∣ 6 C/η.

Äîêàçàòåëüñòâî

Îöåíèì ñóììó âñåõ âëèÿíèé îãðàíè÷åííîé ñòåïåíè, èñïîëüçóÿ

âûðàæåíèå âëèÿíèé ÷åðåç êîýôôèöèåíòû Ôóðüå:

m∑
k=1

Inf
6C
k (h) =

m∑
k=1

∑
|S |6C
S3k

ĥ(S)2 =
∑
|S|6C

|S |ĥ(S)2 6 C
∑
S

ĥ(S)2 = C .

Îòñþäà ñëåäóåò íåðàâåíñòâî ëåììû àíàëîãè÷íî íåðàâåíñòâó Ìàðêîâà.

Ñëåäñòâèå äëÿ ìíîæåñòâà âëèÿòåëüíûõ ïåðåìåííûõ

|Sw | 6 2C/τ .
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Ëåììà î êîððåêòíîñòè: øàã 8

Èñêîìîå ïðèñâàèâàíèå:

â âåðøèíàõ ëåâîé äîëè σ(v) = jv , ãäå Inf
6C
jv

[gv ] > τ ;
â âåðøèíàõ ïðàâîé äîëè σ(w) = j ← Sw (ðàâíîâîçìîæíî).

Ïîñëåäíåå óòâåðæäåíèå

Ìàòîæèäàíèå âûïîëíåííûõ îãðàíè÷åíèé íà ïðèñâàèâàíèè σ íå ìåíüøå

ε

2
· τ
2
· τ
2C

=
ετ2

8C
= δ .

Ïåðâûé ìíîæèòåëü � äîëÿ õîðîøèõ âåðøèí â ëåâîé äîëå.

Âòîðîé � äîëÿ õîðîøèõ ñîñåäåé â ïðàâîé äîëå ó õîðîøåé âåðøèíû â

ëåâîé äîëå. Ó õîðîøåãî ñîñåäà π−1v ,w (σ(v)) ∈ Sw .
Òðåòèé ìíîæèòåëü îöåíèâàåò âåðîÿòíîñòü âûáðàòü â êà÷åñòâå

çíà÷åíèÿ ïðèñâàèâàíèÿ π−1v ,w (σ(v)) (âûáèðàåì èç ìíîæåñòâà, â

êîòîðîì íå áîëüøå 2C/τ ýëåìåíòîâ).
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