
Ìàòåìàòè÷åñêèå îñíîâû Computer Science

×àñòü 2: Âåðîÿòíîñòíûé ìåòîä. Ëåêöèÿ 5.

Äìèòðèé Èöûêñîí

ÏÎÌÈ ÐÀÍ

1 íîÿáðÿ 2009

1 / 15



Ñîäåðæàíèå ëåêöèè

1 Êîíå÷íîå âåðîÿòíîñòíîå ïðîñòðàíñòâî.

2 Îñíîâíàÿ èäåÿ âåðîÿòíîñòíîãî ìåòîäà.

3 ×èñëà Ðàìñåÿ

4 Ìîíîòîííàÿ ñõåìà äëÿ ôóíêöèè ãîëîñîâàíèÿ.

5 Òåîðåìà Ýðäåøà-Êî-Ðàäî.

Ëèòåðàòóðà

1 Í. Àëîí, Äæ. Ñïåíñåð. Âåðîÿòíîñòíûé ìåòîä.

2 Í.Ê. Âåðåùàãèí, À. Øåíü. ßçûêè è èñ÷èñëåíèÿ

3 Ì. Àéãíåð, Ã. Öèãëåð. Äîêàçàòåëüñòâà èç Êíèãè.

2 / 15



Êîíå÷íîå âåðîÿòíîñòíîå ïðîñòðàíñòâî

Îïðåäåëåíèå. Êîíå÷íûì âåðîÿòíîñòíûì ïðîñòðàíñòâîì
íàçûâàåòñÿ ïàðà (Ω, p), ãäå

• Ω � êîíå÷íîå ìíîæåñòâî, ïðîñòðàíñòâî ýëåìåíòàðíûõ
ñîáûòèé;

• p : 2Ω → [0, 1] � âåðîÿòíîñòíàÿ ìåðà:

1 p(Ω) = 1
2 Åñëè A,B ⊆ Ω è A ∩ B = ∅, òî p(A ∪ B) = p(A) + p(B).

• p(∅) = 0;

• A ⊆ B, òîãäà p(B) = p(A) + p(B \ A) =⇒ p(A) ≤ p(B);

• Ω = {1, 2, . . . , n}. p1, p2, . . . , pn ≥ 0,
∑n

i=1 pi = 1, p(i) = pi .
p(A) =

∑
i∈A pi .
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Ïðîñòåéøèå ñâîéñòâà âåðîÿòíîñòè

• p(∅) = 0, p(Ω) = 1;

• p(A1 ∪ A2 ∪ · · · ∪ An) ≤
∑n

i=1 p(Ai );

• (ôîðìóëà âêëþ÷åíèé-èñêëþ÷åíèé) p(A1 ∪ A2 ∪ · · · ∪ An) =∑n
i=1 p(Ai )−

∑
i<j p(AiAj) + · · ·+ (−1)np(A1A2 . . .An)

• p(A1 ∪ A2 ∪ · · · ∪ An) ≥
∑n

i=1 p(Ai )−
∑

i<j p(AiAj)
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Ïðèìåð ïðî ãàëñòóêè

• Ïðèìåð. Â øêîëå åñòü íåñêîëüêî êðóæêîâ, â êàæäîì
êðóæêå ðîâíî d ÷åëîâåê, âñåãî êðóæêîâ íå áîëåå 2d−1.
Òîãäà ìîæíî íåêîòîðûì äåòÿì âûäàòü ãàëñòóêè òàê, ÷òîáû
â êàæäîì êðóæêå áûëè äåòè êàê ñ ãàëñòóêàìè, òàê è áåç
íèõ.
Äîêàçàòåëüñòâî.

• Êàæäîìó ðåáåíêó âûäàäèì ãàëñòóê ñ âåðîÿòíîñòüþ 1
2 .

• Ai � âñå äåòè â i-ì êðóæêå ëèáî â ãàëñòóêàõ, ëèáî áåç

ãàëñòóêîâ.
• Pr[Ai ] = 1

2d−1 .

• Pr[∪iAi ] <
∑

Pr[Ai ] ≤ 2d−1 1
2d−1 = 1

• Çíà÷èò, âåðîÿòíîñòü òîãî, ÷òî âî âñåõ êðóæêàõ åñòü êàê

ëþäè ñ ãàëñòóêàìè, òàê è áåç ãàëñòóêîâ, ïîëîæèòåëüíà.
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×èñëà Ðàìñåÿ

• Ñðåäè ëþáûõ 6 ÷åëîâåê íàéäåòñÿ ëèáî 3 ÷åëîâåêà, ïîïàðíî
çíàêîìûõ äðóã ñ äðóãîì, ëèáî 3 ÷åëîâåêà ïîïàðíî íå
çíàêîìûõ äðóã ñ äðóãîì.

• Â ïîëíîì ãðàôå ðåáðà ïîêðàøåíû â 2 öâåòà: ÷åðíûé è
áåëûé. Îáÿçàòåëüíî ëè íàéäåòñÿ áåëûé n-âåðøèííûé
ïîäãðàô èëè ÷åðíûé k-âåðøèííûé ïîäãðàô?

• R(m, n) � íàèìåíüøåå ÷èñëî, ÷òî â ãðàôå ñ òàêèì
êîëè÷åñòâîì âåðøèí íàéäåòñÿ ëèáî m-âåðøèííûé áåëûé
ïîäãðàô, ëèáî n-âåðøèííûé ÷åðíûé ïîäãðàô.

• R(3, 3) = 6, R(2, k) = k

• R(m, n) = R(n,m)

• R(m, n) ≤ R(m − 1, n) + R(m, n − 1)

• R(m, n) ≤ Cn−1
m+n−2

• R(m, n) ≤ R(m− 1, n) + R(m, n− 1) ≤ Cn−1
m+n−3 + Cn−2

m+n−3 =

Cn−1
m+n−2
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Îöåíêè íà ÷èñëî R(k , k)

• R(k, k) ≤ C k−1
2k−2 ≤ 22k−2

• Òåîðåìà. Ïðè k ≥ 2 âûïîëíÿåòñÿ R(k, k) ≥ 2
k
2

• R(2, 2) = 2,R(3, 3) = 6, äàëåå k ≥ 4

• Ïóñòü N < 2
k
2 .

• Êðàñèì êàæäîå ðåáðî ñëó÷àéíûì îáðàçîì â îäèí èç 2-õ
öâåòîâ.

• Âñå ðàñêðàñêè ðàâíîâåðîÿòíû: pi = 2−C2
N

• A � ìíîæåñòâî èç k âåðøèí.

• Aw : âñå âåðøèíû A ñîåäèíåíû áåëûìè ðåáðàìè,
p(Aw ) = 2−C2

k .

• pw = p(∪|A|=kAw ) ≤
∑

|A|=k p(Aw ) = C k
N2−C2

k

• pw ≤ C k
N2−C2

k ≤ Nk

2k−1 2
−C2

k < 2
k2

2
−C2

k−k+1 = 2−
k
2
+1 ≤ 1

2
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Áóëåâû ñõåìû
Áóëåâà ñõåìà - ýòî

• Îðèåíòèðîâàííûé ãðàô áåç öèêëîâ
• Ðîâíî îäíà âåðøèíà, èç êîòîðîé íå âûõîäèò ðåáåð (âûõîä)
• n âåðøèí â êîòîðûå íå âõîäÿò ðåáðà
• Âñå îñòàëüíûå âåðøèíû ïîìå÷åíû ëîãè÷åñêèìè ñâÿçêàìè
∨,∧,¬. (àðíîñòü ñâÿçêè äîëæíà ðàâíÿòüñÿ ÷èñëó
èñõîäÿùèõ ðåáåð)
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Ìîíîòîííûå áóëåâû ôóíêöèè è ñõåìû

• x , y ∈ {0, 1}n, x ≤ y ⇐⇒ ∀i , xi ≤ yi

• f : {0, 1}n → {0, 1} ìîíîòîííàÿ, åñëè ∀x ≤ y , f (x) ≤ f (y).

• f � ìîíîòîííàÿ, åñëè ïðè çàìåíå 0 íà 1, çíà÷åíèå f íå
óìåíüøàåòñÿ.

• Ìîíîòîííàÿ ñõåìà: âñå ñâÿçêè ∧ è ∨.
• Ìîíîòîííàÿ ñõåìà âû÷èñëÿåò ìîíîòîííóþ ôóíêöèþ.

• Ëþáóþ ìîíîòîííóþ ôóíêöèþ (îòëè÷íóþ îò êîíñòàíòû)
ìîæíî âû÷èñëèòü ñ ïîìîùüþ ìîíîòîííûõ ñõåì.
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Ìîíîòîííàÿ ñõåìà äëÿ ôóíêöèè

ãîëîñîâàíèÿ

• Maj(x1, x2, · · · x2k+1) =

{
1, x1 + x2 + · · ·+ x2k+1 > k

0, èíà÷å

• Ìîíîòîííàÿ ñõåìà ôóíêöèè ãîëîñîâàíèÿ:∨
|I |=k+1

∧
i∈I

xi

• Ðàçìåð: C
dn/2e
n � ýêñïîíåíöèàëüíûé.

• Òåîðåìà. Ñóùåñòâóåò ìîíîòîííàÿ ñõåìà äëÿ ôóíêöèè
ãîëîñîâàíèÿ, ðàçìåðà O(nc) è ãëóáèíû O(log n).
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Âåðîÿòíîñòíàÿ êîíñòðóêöèÿ

• Maj3(a, b, c) = (a ∧ b) ∨ (a ∧ c) ∨ (b ∧ c)

• Ñîñòàâèì ` óðîâíåé áëîêîâ èç Maj3
• Ãëóáèíà `, âõîäîâ 3`

• Íåçàâèñèìî ñëó÷àéíûì îáðàçîì âûáåðåì ïåðåìåííóþ,
êîòîðàÿ ïîïàäåò íà âõîä.

• Ïðîâåðèì, ÷òî ïîëó÷èâøàÿñÿ ñõåìà ñ ïîëîæèòåëüíîé
âåðîÿòíîñòüþ âû÷èñëÿåò ôóíêöèþ ãîëîñîâàíèÿ.

• Åñëè ãëóáèíà ` = c log n, òî ðàçìåð O(3c log n) = O(nc ′)
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Îöåíêà âåðîÿòíîñòè

• Âûáåðåì íàáîð çíà÷åíèé ïåðåìåííûõ. È ïîêàæåì, ÷òî
ñõåìà äàåò ïðàâèëüíûé îòâåò ñ âåðîÿòíîñòüþ 1− ε.

• Òîãäà ñ âåðîÿòíîñòüþ 1− 2nε ñõåìà äàåò ïðàâèëüíûé îòâåò
íà âñåõ âõîäàõ.

• Ïóñòü äîëÿ åäèíèö íà âõîäå ðàâíÿåòñÿ p.

• Åñëè íà âõîä Maj3 åäèíèöà ïðèõîäèò ñ âåðîÿòíîñòüþ p, òî
âåðîÿòíîñòü åäèíèöû íà âûõîäå ðàâíÿåòñÿ
ϕ(p) = 3p2(1− p) + p3 = 3p2 − 2p3.

• Âåðîÿòíîñòü åäèíèöû íà ñëåäóþùåì óðîâíå ϕ(ϕ(p)).

• ϕ(l)(p).

12 / 15



Àíàëèç

• ϕ(x) = 3x2 − 2x3, ϕ(0) = 0, ϕ(1
2) = 1

2 , ϕ(1) = 1

• ϕ′(x) = 6x − 6x2 = 6(1− x)x > 0

• ϕ′(x) > 18
16 ïðè 1

2 < x < 3
4

• Ïóñòü p > 1
2 , òîãäà p > 1

2 + 1
2n .

• Ïðè 1
2 < x < 3

4 âûïîëíÿåòñÿ
ϕ(x)− 1

2 = ϕ(x)− ϕ(1
2) = ϕ′(ξ)(x − 1

2) > 18
16(x − 1

2)

• ϕ(m)(p) > 3
4 äëÿ íåêîòîðîãî m = O(log n).

• Ïðè x ≥ 3
4 âûïîëíÿåòñÿ

1− ϕ(x) = (1− x)2(2x + 1) < 3
4(1− x)

• Çíà÷èò ϕ(m)(p) > 1− 2−n äëÿ íåêîòîðîãî m = O(log n).

• Àíàëîãè÷íî, åñëè p < 1
2 −

1
2n , òî ϕ(m)(p) < 2−n äëÿ

íåêîòîðîãî m = O(log n).
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Òåîðåìà Ýðäåøà-Êî-Ðàäî

• S = {0, 1, 2, . . . , n − 1}, F ⊆ 2S

• ∀A ∈ F , |A| = k , k ≤ n
2

• ∀A,B ∈ F , A ∩ B 6= ∅
• Òåîðåìà. |F| ≤ C k−1

n−1 .

• Ðàâåíñòâî äîñòèãàåòñÿ, êîãäà F ñîñòîèò èç âñåõ
k-ýëåìåíòíûõ ìíîæåñòâ, èìåþùèõ îáùèé ýëåìåíò.

• Ëåììà. As = {s, s + 1, . . . , s + k − 1}, 0 ≤ s ≤ n − 1. Òîãäà
F ñîäåðæèò íå áîëåå k ìíîæåñòâ As .
Äîêàçàòåëüñòâî.

• Ïóñòü As ∈ F .
• Ñ As ìîãóò ïåðåñåêàòüñÿ òîëüêî As−k+1,As−k+2, . . . As+k−1.
• Ðàçîáåì íà ïàðû: As−i ,As+k−i , 1 ≤ i ≤ k − 1.
• Âñåãî k − 1 ïàðà.
• Èç êàæäîé ïàðû ìàêñèìóì îäíî ìíîæåñòâî â F .

• Ïîðÿäîê ýëåìåíòîâ ìîæåò áûòü ëþáîé.
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Òåîðåìà Ýðäåøà-Êî-Ðàäî

• Ëåììà. As = {s, s + 1, . . . , s + k − 1}, 0 ≤ s ≤ n − 1. Òîãäà
F ñîäåðæèò íå áîëåå k ìíîæåñòâ As .

• Òåîðåìà. |F| ≤ C k−1
n−1 .

Äîêàçàòåëüñòâî.
• Âûáåðåì σ � ñëó÷àéíóþ ïåðåñòàíîâêó ìíîæåñòâà S è

ñëó÷àéíîå i ∈ S .
• A = {σ(i), σ(i + 1), . . . , σ(i + k − 1)}
• Pr[A ∈ F ] ≤ k

n
• Âñå k-ýëåìåíòíûå ìíîæåñòâà ñ ðàâíîé âåðîÿòíîñòüþ ìîãóò

áûòü ìíîæåñòâàìè A.
• k

n ≥ Pr[A ∈ F ] = |F|
C k

n

• |F| ≤ k
nC k

n = k
n ·

n!
k!(n−k)! = (n−1)!

(k−1)!(n−k)! = C k−1
n−1 .
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