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Ñëó÷àéíàÿ âåëè÷èíà è ìàòåìàòè÷åñêîå

îæèäàíèå

Îïðåäåëåíèå. (Ω, p) � êîíå÷íîå âåðîÿòíîñòíîå ïðîñòðàíñòâî.
Ñëó÷àéíîé âåëè÷èíîé íàçûâàåòñÿ îòîáðàæåíèå ξ : Ω → R.

• Ñëó÷àéíàÿ âåëè÷èíà èíäóöèðóåò âåðîÿòíîñòíóþ ìåðó µ íà
R,B: µ(A) = p(ξ−1(A)).

• Çíàÿ ìåðó µ ìîæíî "çàáûòü"ïðî âåðîÿòíîñòíîå
ïðîñòðàíñòâî. Pr{ξ ∈ A} = µ(A).

Îïðåäåëåíèå. ξ � ñëó÷àéíàÿ âåëè÷èíà, µ � ìåðà,
èíäóöèðîâàííàÿ ξ. Ìàòåìàòè÷åñêèì îæèäàíèåì ξ íàçûâàåòñÿ
E ξ =

∑
ω∈Ω ξ(ω)p(ω).

• Åñëè µ êîíå÷íàÿ âåðîÿòíîñòíàÿ ìåðà, ïðè êîòîðîé
µ(A1) = p1, . . . , µ(An) = pn, òî
E ξ =

∑
ω∈Ω ξ(ω)p(ω) =

∑n
i=1 piAi .
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Îñíîâíûå ñâîéñòâà ìàòåìàòè÷åñêîãî

îæèäàíèÿ

• Òåîðåìà. (Ïðèíöèï óñðåäíåíèÿ). ξ � ñëó÷àéíàÿ âåëè÷èíà,
E ξ = m, òîãäà Pr{ξ ≥ m} > 0.
Äîêàçàòåëüñòâî.

• Ïóñòü ξ ïðèíèìàåò çíà÷åíèÿ A1 ñ âåðîÿòíîñòüþ p1, A2 ñ

âåðîÿòíîñòüþ p2,..., An ñ âåðîÿòíîñòüþ pn, ãäå

pi > 0,
∑

pi = 1.
• Åñëè âñå Ai < m, òî

m = p1A1 + p2A2 + · · ·+ pnAn < p1m + p2m + · · ·+ pnm = m.

Ïðîòèâîðå÷èå!

• Òåîðåìà. (Ëèíåéíîñòü ìàòåìàòè÷åñêîãî îæèäàíèÿ)
ξ = αξ1 + βξ2, ãäå α, β ∈ R. Òîãäà E ξ = α E ξ1 + β E ξ2.
Äîêàçàòåëüñòâî. E ξ =

∑
ω∈Ω ξ(ω)p(ω) =∑

ω∈Ω(αξ1(ω) + βξ2(ω))p(ω) = α E ξ1 + β E ξ2.
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Òóðíèð ñ áîëüøèì ÷èñëîì

ãàìèëüòîíîâûõ ïóòåé

• Òóðíèðîì íàçûâàåòñÿ îðèåíòèðîâàííûé ãðàô ìåæäó
ëþáûìè äâóìÿ âåðøèíàìè êîòîðûõ åñòü ðîâíî îäíî
îðèåíòèðîâàííîå ðåáðî.

• Ãàìèëüòîíîâ ïóòü � ïóòü ïðîõîäÿùèé ïî âñåì âåðøèíàì
ðîâíî 1 ðàç.

• Ω = {G1,G2, . . . ,G2C2
n
} � ìíîæåñòâî âñåõ òóðíèðîâ íà n

âåðøèíàõ, âñå òóðíèðû ðàâíîâåðîÿòíû.
• σ � ïåðåñòàíîâêà ÷èñåë îò 1 äî n.

Xσ(G ) =

{
1, åñëè σ çàäàåò ã.ï. â G

0, èíà÷å

• X =
∑

σ Xσ � ÷èñëî ãàìèëüòîíîâûõ ïóòåé â ñëó÷àéíîì
ãðàôå.

• E X =
∑

σ E Xσ = n!
2n−1 .

• Çíà÷èò, ñóùåñòâóåò òóðíèð â êîòîðîì íå ìåíüøå n!
2n−1

ãàìèëüòîíîâûõ ïóòåé.
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Ìåòîä ìàëûõ âàðèàöèé

• α(G ) � ðàçìåð ìàêñèìàëüíîãî íåçàâèñèìîãî ìíîæåñòâà â
ãðàôå G (ìíîæåñòâî âåðøèí áåç ðåáåð ìåæäó íèìè).

• Òåîðåìà. Â ãðàôå n âåðøèí è dn
2 ðåáåð. Òîãäà α(G ) ≥ n

2d .
Äîêàçàòåëüñòâî.

• S � ñëó÷àéíîå ìíîæåñòâî, Pr[v ∈ S ] = p
• X = |S |, EX = np
• Y � ÷èñëî ðåáåð, îáà êîíöà ëåæèò â S .
• EY =

∑
e∈E E (Ye) = nd

2 p2

• E (X − Y ) = np − dn
2 p2, ìàêñèìàëüíî ïðè p = 1

d .
• Ñóùåñòâóåò S , ÷òî X − Y ≥ n

2d
• Óäàëèì êàê ìèíèìóì îäèí êîíåö êàæäîãî ðåáðà.

Îñòàíåòñÿ ≥ nd
2 âåðøèí.
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Ïëàíàðíûå ãðàôû

• Èçîáðàæåíèå ãðàôà íà ïëîñêîñòè: âåðøèíû òî÷êè
ïëîñêîñòè, ðåáðà ëîìàííûå ëèíèè.

• Ïëàíàðíûé (ïëîñêèé) ãðàô: ìîæíî èçîáðàçèòü íà
ïëîñêîñòè òàê, ÷òîáû ðåáðà íå ïåðåñêàëèñü ïî âíóòðåííèì
òî÷êàì.

• Ôîðìóëà Ýéëåðà äëÿ ñâÿçíîãî ïëàíàðíîãî ãðàôà:
V − E + F = 2.

• F = F3 + F4 + F5 + . . .

• 2E = 3F3 + 4F4 + 5F5 + . . .

• 3F ≤ 2E

• 3E = 3V + 3F − 6 ≤ 3V + 2E − 6

• E ≤ 3V − 6

• Åñëè E > 3V − 6, òî ãðàô íå ïëàíàðíûé
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Íèæíÿÿ îöåíêà ÷èñëà ïåðåñå÷åíèé

• Ãðàô G : n âåðøèí, m ðåáåð.

• Èçîáðàæåíèå ñ ìèíèìàëüíûì ÷èñëîì ïåðåñå÷åíèé:
• ðåáðà íå ñàìîïåðåñåêàþùèåñÿ;
• äâà ðåáðà ñ îáùåé âåðøèíîé íå ïåðåñåêàþòñÿ;
• ëþáûå äâà ðåáðà ïåðåñåêàòñÿ íå áîëåå 1 ðàçà.

• cr(G ) � ìèíèìàëüíîå ÷èñëî ïåðåñå÷åíèé

• Äîáàâèì âåðøèíó â êàæäóþ òî÷êó ïåðåñå÷åíèÿ.

• Ïîëó÷èëñÿ ïëàíàðíûé ãðàô, â êîòîðîì n + cr(G ) âåðøèí,
m + 2 cr(G ) ðåáåð.

• m + 2 cr(G ) ≤ 3(n + cr(G ))− 6

• cr(G ) ≥ m − 3n + 6
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Ëåììà î ñêðåùèâàíèÿõ
Òåîðåìà. G � ãðàô ñ n âåðøèíàìè è m ðåáðàìè, m ≥ 4n.
Òîãäà cr(G ) ≥ 1

64
m3

n2 .
Äîêàçàòåëüñòâî.

• Âûáåðåì èçîáðàæåíèå ñ ìèíèìàëüíûì ÷èñëîì
ïåðåñå÷åíèé.

• 0 ≤ p ≤ 1 � íåêîòîðîå ÷èñëî.

• Gp � ñëó÷àéíûé ïîäãðàô G : êàæäóþ âåðøèíó íåçàâèñèìî
ñ âåðîÿòíîñòüþ p âêëþ÷àåì â Gp.

• np � ÷èñëî âåðøèí, mp � ÷èñëî ðåáåð, Xp � ÷èñëî
ïåðåñå÷åíèé.

• E np = np, E mp = p2m, E Xp = p4 cr(G )

• 0 ≤ E(Xp −mp + 3np) = p4 cr(G )− p2m + 3pn

• cr(G ) ≥ m
p2 − 3n

p3

• p = 4n
m

• cr(G ) ≥ 1
64

(
4m

(n/m)2
− 3n

(n/m)3

)
= 1

64
m3

n2 .
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Íåðàâåíñòâî Ìàðêîâà

Ëåììà. ξ � ýòî íåîòðèöàòåëüíàÿ ñëó÷àéíàÿ âåëè÷èíà. Òîãäà
äëÿ âñåõ k > 0 âûïîëíÿåòñÿ íåðàâåíñòâî Pr{ξ ≥ k E ξ} ≤ 1

k .
Äîêàçàòåëüñòâî. Îáîçíà÷èì m = E ξ Ïóñòü
A1 ≤ A2 · · · ≤ Ai < mk ≤ Ai+1 ≤ . . .An.
Pr{ξ ≥ km} = pi+1 + · · ·+ pn > 1

k . Òîãäà
m = p1A1 + p2A2 + · · ·+ pnAn ≥ pi+1Ai+1 + · · ·+ pnAn ≥
mk(pi+1 + · · ·+ pn) > m. Ïðîòèâîðå÷èå!
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3-ÊÍÔ

• Ôîðìóëà â 3-ÊÍÔ: êîíúíêöèÿ äèçúþíêòîâ, â êàæäûé
äèçúþíêò âõîäÿò 3 ëèòåðàëà îò ðàçíûõ ïåðåìåííûõ.

• Ñëó÷àéíûé íàáîð çíà÷åíèé ïåðåìåííûì.

• Xi = 1, åñëè i-é äèçúþíêò âûïîëíÿåòñÿ ïðè ýòîì íàáîðå,
Xi = 0 èíà÷å.

• EXi = 7
8

• X =
∑m

i=1 Xi � ÷èñëî âûïîëíåííûõ äèçúþíêòîâ.

• E X = 7
8m

• Ñóùåñòâóåò íàáîð çíà÷åíèé, âûïîëíÿþùèé êàê ìèíèìóì
7
8m äèçúþíêòîâ.

• Êàê íàéòè ýòîò íàáîð?

• Y = m − X , E Y = 1
8m.

• Pr[X < 7
8m] = Pr[Y > 1

8m] = Pr[Y ≥ 1
8m + 1

8 ] = Pr[Y ≥
1
8m(1 + 1

m )] ≤ 1
1+ 1

m

= m
m+1

• Pr[X ≥ 7
8m] ≥ 1

m+1
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Âåðîÿòíîñòíûé àëãîðèòì

• Ïîâòîðèòü (m + 1)2 ðàç:

1 Âûáðàòü ñëó÷àéíûé íàáîð çíà÷åíèé ïåðåìåííûõ

2 Åñëè êàê ìèíèìóì 7
8m äèçúþíêòîâ âûïîëíÿþòñÿ, òî

âûäàòü ýòîò íàáîð.

• Âåðîÿòíîñòü òîãî, ÷òî íóæíûé íàáîð íå áóäåò íàéäåí
≤ (1− 1

m+1)(m+1)2 ≤ e−(m+1)
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