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Äåðàíäîìèçàöèÿ

• Âåðîÿòíîñòíàÿ ìàøèíà Òüþðèíãà:
• Ñïåöèàëüíàÿ ëåíòà ñî ñëó÷àéíûìè áèòàìè

• BPP � ýòî ìíîæåñòâî ÿçûêîâ L, äëÿ êîòîðûõ ∃
ïîëèíîìèàëüíàÿ ïî âðåìåíè âåðîÿòíîñòíàÿ ìàøèíà
Òüþðèíãà M:

∀x Pr[M(x) = L(x)] ≥ 3

4

• Çàäà÷à äåðàíäîìèçàöèè:
• Èçáàâèòüñÿ îò ñëó÷àéíûõ áèòîâ
• Íå ñèëüíî ïðîèãðàòü ïî âðåìåíè

• P ⊆ BPP ⊆ EXP, P ( EXP
• Åñëè P = BPP, òî äåðàíäîìèçàöèÿ åñòü
• Åñëè BPP = EXP, òî äåðàíäîìèçàöèè íåò
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Êîãäà ñëó÷àéíûå ÷èñëà ïî äåëó?

Ïðîâåðêà ðàâåíñòâà íóëþ ìíîãî÷ëåíà

• Ìíîãî÷ëåí çàäàí ôîðìóëîé â íåêàíîíè÷åñêîì âèäå.

• (p2 + qr − 21r)3(p20q − r3p + s) + . . .

• Çàäà÷à: ïðîâåðèòü, ÿâëÿåòñÿ ëè ýòîò ìíîãî÷ëåí
òîæäåñòâåííûì íóëåì.

• Ðàñêðûòü ñêîáêè è ïðèâåñòè ïîäîáíûå: ýêñïîíåíöèàëüíîå
âðåìÿ!

• Âåðîÿòíîñòíîå ðåøåíèå:

1 Îöåíèòü ñòåïåíü ìíîãî÷ëåíà d ≤ 2m, ãäå m � ÷èñëî
óìíîæåíèé

2 Íàéòè p > 10d � ïðîñòîå ÷èñëî.
3 Âçÿòü ñëó÷àéíûé âåêòîð èç Zn

p è ïîäñòàâèòü åãî â
ìíîãî÷ëåí. Åñëè ïîëó÷èòñÿ 0, ñêàçàòü, ÷òî ìíîãî÷ëåí
íóëåâîé, åñëè íå 0, òî ìíîãî÷ëåí íåíóëåâîé.

• (Óïðàæíåíèå) Äîêàçàòü êîððåêòíîñòü ýòîãî àëãîðèòìà.
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Ïñåâäîñëó÷àéíûé ãåíåðàòîð

Ïñåâäîñëó÷àéíîå ðàñïðåäåëåíèå

Ðàñïðåäåëåíèå R íà {0, 1}m íàçûâàåòñÿ
(S , ε)-ïñåâäîñëó÷àéíûì, åñëè äëÿ êàæäîé ñõåìû C ðàçìåðà
≤ S :

|Pr[C (R) = 1]− Pr[C (Um) = 1]| < ε

Ïñåâäîñëó÷àéíûé ãåíåðàòîð

S(`) � ïðàâèëüíàÿ íåóáûâàþùàÿ ôóíêöèÿ. Ôóíêöèÿ
G : {0, 1}∗ → {0, 1}∗ íàçûâàåòñÿ S(`)-ïñåâäîñëó÷àéíûì
ãåíåðàòîðîì, åñëè

• G âû÷èñëèìà çà âðåìÿ 2O(n)

• ∀z ∈ {0, 1}`, |G (z)| = S(`)

• ∀` ðàñïðåäåëåíèå G (U`) ÿâëÿåòñÿ
(S(`)3, 1

10)-ïñåâäîñëó÷àéíûì. 4 / 16



×åì ïîìîãàåò ïñåâäîñëó÷àéíûé

ãåíåðàòîð?

Ëåììà. Åñëè ñóùåñòâóåò 2ε`-ïñåâäîñëó÷àéíûé ãåíåðàòîð
(ε > 0), òî BPP = P.
Äîêàçàòåëüñòâî.

• L ∈ BPP, ðåøàåòñÿ çà nc íà âåðîÿòíîñòíîé ìàøèíå A.

• Prr←U({0,1}m)[A(x , r) = L(x)] ≥ 3
4 .

• m ≤ nc , 2ε` = nc =⇒ ` = c
ε log n

• Àëãîðèòì B: äëÿ âñåõ ñòðîê z ∈ {0, 1}` (èõ n
c
ε ) çàïóñòèì

A(x ,G (z)) è âûäàäèì íàèáîëåå ÷àñòûé îòâåò

• Âðåìÿ ðàáîòû B íå ïðåâîñõîäèò ncn
c
ε nO( c

ε
) = poly(n)

• Ïóñòü ∃x : Pr[A(x ,G (z)) = L(x)] < 3
4 − 0.1

• Âçëîìùèê äëÿ ãåíåðàòîðà: r 7→ A(x , r), âû÷èñëèì ñõåìîé
ðàçìåðà (nc)2 < S(`)3 = (nc)3.
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Ñõåìíàÿ ñëîæíîñòü ôóíêöèé
f : {0, 1}n → {0, 1}.
Ñëîæíîñòü â íàèõóäøåì ñëó÷àå

Hwrs(f ) = max{S |∀ ñõåìû C ðàçìåðà ≤ S

∃x ∈ {0, 1}n : C (x) 6= f (x)}

Ñëîæíîñòü â ñðåäåíåì ñëó÷àå

Havg (f ) = max{S |∀ ñõåìû C ðàçìåðà ≤ S

Pr
x←U({0,1}n)

[C (x) = f (x)] <
1

2
+

1

S
}

• Havg (f ) ≤ Hwrs(f ) ≤ cn2n

• (Óïðàæíåíèå) Ïîêàæèòå, ÷òî äëÿ ñëó÷àéíîé f
âûïîëíÿåòñÿ Havg (f ) ≥ 2n/10
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Ãåíåðàòîð èç ñëîæíûõ ôóíêöèé

Òåîðåìà. (Íèñàí-Âèãäåðñîí) Åñëè ñóùåñòâóåò
f : {0, 1}∗ → {0, 1}, âû÷èñëèìàÿ çà âðåìÿ 2O(n), ÷òî
Havg (f ) ≥ 2εn, òîãäà ñóùåñòâóåò 2ε′n-ïñåâäîñëó÷àéíûé
ãåíåðàòîð.
Ñëåäñòâèå. Ïðè òåõ æå ïðåäïîëîæåíèÿõ P = BPP.

• Ïîçæå ìû ïîêàæåì, êàê ïî ôóíêöèè f , âû÷èñëèìîé çà
2O(n) c Hwrs(f ) = 2Ω(n) ïîñòðîèòü ôóíêöèþ f ′,
âû÷èñëèìóþ çà 2O(n) c Havg (f ) = 2Ω(n).

• Íî ýòî áóäåò íå ñåãîäíÿ...

7 / 16



Íåïðåäñêàçóåìîñòü =⇒
ïñåâäîñëó÷àéíîñòü

Òåîðåìà. (ßî, 1982) Ïóñòü Y � ýòî ðàñïðåäåëåíèå íà {0, 1}m.
Cóùåñòâóåò S > 10m, ε > 0, ÷òî äëÿ êàæäîé ñõåìû C ðàçìåðà
íå áîëüøå 2S è âñåõ 1 ≤ i ≤ m âûïîëíÿåòñÿ
Prr←Y [C (r1, r2, . . . , ri−1) = ri ] ≤ 1

2 + ε
2m . Òîãäà Y ÿâëÿåòñÿ

(S , ε)-ïñåâäîñëó÷àéíûì.
Äîêàçàòåëüñòâî. Ãèáðèäíûé ìåòîä. r ← Y , u ← U({0, 1}m)

• X0 = (u1, u2, . . . , um)

• X1 = (r1, u2, . . . , um)

• X2 = (r1, r2, . . . , um)

• . . .

• Xm = (r1, r2, . . . , rm)

• p0 = Pr[C (X0) = 1]

• p1 = Pr[C (X1) = 1]

• p2 = Pr[C (X2) = 1]

• . . .

• pm = Pr[C (Xm) = 1]
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Ïðîäîëæåíèå äîêàçàòåëüñòâà

• Ïóñòü pm − p0 > ε

• ∃i , ÷òî pi − pi−1 > ε
m

• Ïðåäñêàçàòåëü D(r1, r2, . . . , ri−1) � ñõåìà, êîòîðàÿ
èñïîëüçóåò ñëó÷àéíûå áèòû:

• ui , ui+1 . . . , um, ρ � ñëó÷àéíûå áèòû

• a := C (r1, r2, . . . , ri−1, ui , ui+1 . . . , um)

• D(r1, r2, . . . , ri−1) =

{
ui , a = 1

ρ, a = 0
.

9 / 16



Ïðîäîëæåíèå äîêàçàòåëüñòâà

a = 0 a = 1

ri = ui α β

ri 6= ui γ δ

• α + β = γ + δ = 1
2

• pi−1 = β + δ

• pi = Pr[C (r1, r2, . . . , ri , ui+1, . . . , um) = 1] =
Pr[C (r1, . . . , ri−1, ui , . . . , um) = 1|ui = ri ] =
2 Pr[C (r1, . . . , ri−1, ui , . . . , um) = 1] = 2β

• Pr[D(r1, r2, . . . , ri−1) = ri ] = α+γ
2 + β = 1

2 + β−δ
2 =

1
2 +

pi−pi−1

2 ≥ 1
2 + ε

2m

• Îñòàëîñü âûáðàòü �ëó÷øóþ� ïîñëåäîâàòåëüíîñòü
ñëó÷àéíûõ áèòîâ è çàøèòü èõ â ñõåìó D.
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Èãðóøå÷íûé (` + 1)-ãåíåðàòîð

• Ïóñòü f âû÷èñëèìà çà âðåìÿ 2O(n) è Havg (f ) ≥ n4.

• Òîãäà G (z) = z ◦ f (z) åñòü (` + 1)-ãåíåðàòîð.

• Ïåðâûå ` áèòîâ íå ïðåäñêàçàòü ïî ïðåäûäóùèì, òàê êàê
îíè ñëó÷àéíûå.

• Ïóñòü (` + 1)-é áèò ìîæíî ïðåäñêàçàòü:
Prz←U({0,1}`)[C (z) = f (z)] ≥ 1

2 + ε
2(`+1) = 1

2 + 1
20(`+1) > 1

2 + 1
`4

• Ïðîòèâîðå÷èå ñî ñëîæíîñòüþ f .
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Èãðóøå÷íûé (` + 2)-ãåíåðàòîð

• Ïóñòü f âû÷èñëèìà çà âðåìÿ 2O(n) è Havg (f ) ≥ n4.

• G (z) = z1 . . . z`/2 ◦ f (z1 . . . z`/2) ◦ z`/2+1 . . . z` ◦ f (z`/2+1 . . . z`)
åñòü (` + 2)-ãåíåðàòîð.

• Ïåðâûå ` + 1 áèòîâ íå ïðåäñêàçàòü àíàëîãè÷íî
ïðåäûäóùåìó

• Ïóñòü (` + 2)-é áèò ìîæíî ïðåäñêàçàòü:
Prz,z ′←U({0,1}`/2)[C (z ◦ f (z) ◦ z ′) = f (z ′)] ≥ 1

2 + 1
20(`+2)

• Èç ïðèíöèïà óñðåäíåíèÿ ìîæíî âûáðàòü òàêîå z , ÷òî
Prz ′←U({0,1}`/2)[C (z ◦ f (z) ◦ z ′) = f (z ′)] ≥ 1

2 + 1
20(`+2)

• Ïóñòü ñõåìà D ïîëó÷àåòñÿ èç C ïîäñòàíîâêîé z .
Prz ′←U({0,1}`/2)[D(z ′) = f (z ′)] ≥ 1

2 + 1
20(`+2)

• Ïðîòèâîðå÷èå ñî ñëîæíîñòüþ f .

• Àíàëîãè÷íî G (z1, . . . , z`) = z(1) ◦ f (z(1)) . . . z(k) ◦ f (z(k))
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Ãåíåðàòîð Íèñàíà-Âèãäåðñîíà

Îïðåäåëåíèå. (Êîìáèíàòîðíûé äèçàéí) Ñåìåéñòâî
I = {I1, I2, . . . , Im} ïîäìíîæåñòâ {1, 2, . . . , `} íàçûâàåòñÿ
(`, d , n)-äèçàéíîì, åñëè ∀j , |Ij | = n è ∀j 6= k, |Ij ∩ Ik | ≤ d .
Îïðåäåëåíèå. (Ãåíåðàòîð Íèñàíà-Âèãäåðñîíà) Ïóñòü
I = {I1, I2, . . . , Im} � äèçàéí. f : {0, 1}∗ → {0, 1}.
NW f

I : {0, 1}` → {0, 1}m:

NW f
I (z) = f (zI1) ◦ f (zI2) ◦ · · · ◦ f (zIm)

Ëåììà. (Êîíñòðóêöèÿ äèçàéíà) Çà âðåìÿ 2O(`) ìîæíî
ïîñòðîèòü (`, d , n)-äèçàéí, ãäå n > d , ` > 10n2/d . Â ýòîì
äèçàéíå áóäåò 2d/10 ìíîæåñòâ.
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Îñíîâíàÿ ëåììà

Ëåììà. Ïóñòü I � ýòî (`, d , n)-äèçàéí, â êîòîðîì |I| = 2d/10,
Havg (f ) > 22d , òîãäà ðàñïðåäåëåíèå NW f

I (U`) ÿâëÿåòñÿ
(Havg (f )/10, 1/10)-ïñåâäîñëó÷àéíûì.
Ñëåäñòâèå. Åñëè f âû÷èñëèìà çà âðåìÿ 2O(n), Havg (f ) > 2εn, òî
âûáåðåì d = εn/2, ` = 100n, òîãäà NW f

I � ýòî
2ε`/1000-ãåíåðàòîð.
Äîêàçàòåëüñòâî. S = Havg (f ). (Äîêàçûâàåì, ÷òî NW f

I (U`)
ÿâëÿåòñÿ (S/10, 1/10)-ïñåâäîñëó÷àéíûì.) Äîñòàòî÷íî
ïðîâåðèòü íåïðåäñêàçóåìîñòü. Ïóñòü íàéäåòñÿ ñõåìà C ðàçìåðà
S/2 è ÷èñëî i , ÷òî

Pr
z←U`

[C (f (zI1) . . . f (zIi−1
)) = f (zIi )] ≥

1

2
+

1

20 · 2d/10
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Ïðîäîëæåíèå äîêàçàòåëüñòâà

• Prz←U`
[C (f (zI1) . . . f (zIi−1

)) = f (zIi )] ≥ 1
2 + 1

20·2d/10

• Ïóñòü z1 � ýòî ÷àñòü z , êîòîðàÿ ñîîòâåòñòâóåò I1, à z2 �
âñå îñòàëüíîå.

• Prz1←Un,z2←U`−n
[C (f1(z1, z2) . . . fi−1(z1, z2)) = f (z1)] ≥

1
2 + 1

20·2d/10

• Ïî ïðèíöèïó óñðåäíåíèÿ ∃z̃2, ÷òî

• Prz1←Un [C (f1(z1, z̃2) . . . fi−1(z1, z̃2)) = f (z1)] ≥ 1
2 + 1

20·2d/10

• Òàê êàê |Ii ∩ Ij | ≤ d , òî z1 7→ fj(z1, z̃2) ìîæíî ïðåäñòàâèòü
ñõåìîé ðàçìåðà d2d . Èòîãî C (f1(z1, z̃2)) ìîæíî
ïðåäñòàâèòü ñõåìîé B ðàçìåðà 2d/10d2d + S/2 < S :
Prz1←Un [B(z1) = f (z1)] > 1

2 + 1
20·2d/10 > 1

2 + 1
S .

• Ïðîòèâîðå÷èå ñî ñëîæíîñòüþ f .
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