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Ñîäåðæàíèå ëåêöèè

1 Àðèôìåòè÷íîñòü âû÷èñëèìûõ ôóíêöèé.

2 Àðèôìåòè÷åñêàÿ èåðàðõèÿ.

3 m-ñâîäèìîñòü

4 Óíèâåðñàëüíûå ìíîæåñòâà.

5 Òåîðåìû Òàðñêîãî è Ãåäåëÿ.
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Â ïðîøëûé ðàç

• Àðèôìåòèêà:
• Ñèãíàòóðà: P = {=},F = {+,×}
• Èíòåðïðåòàöèÿ: N = {0, 1, 2, . . . }

• Âûðàçèìûå â àðèôìåòèêå ïðåäèêàòû: àðèôìåòè÷íûå.

• x = 0 ∀y(x ≤ y)

• x = 1 ∀y(x × y = y)

• x = k ∃x1 . . . xk(x1 = 1)∧ · · · ∧ (xk = 1)∧ (x = x1 + · · ·+ xk)

• x
... y ∃z(x = y × z)

• x � ïðîñòîå ÷èñëî

¬(x = 1) ∧ ((x
... y) =⇒ ((y = 1) ∨ (x = y)))

• r = a mod b ∃q(a = b × q + r ∧ (r < b))
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Êîäèðîâàíèå êîíå÷íûõ

ïîñëåäîâàòåëüíîñòåé

Ëåììà. Äëÿ ëþáîãî öåëîãî k íàéäåòñÿ ñêîëü óãîäíî áîëüøîå b,
÷òî b + 1, 2b + 1, . . . , kb + 1 � ïîïàðíî âçàèìíî ïðîñòûå ÷èñëà.

Ëåììà. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè x0, x1, . . . , xn

íàòóðàëüíûõ ÷èñåë ìîæíî íàéòè òàêèå ÷èñëà a è b, ÷òî
xi = a mod b(i + 1) + 1.

• ∃<x0, x2, . . . , xn>(∀i ≤ n)[. . . xi . . . ]

• ∃a, b, n∀i(i ≤ n) → [. . . a mod b(i + 1) + 1 . . . ]

• β(a, b, i) = a mod b(i + 1) + 1 � β-ôóíêöèÿ Ãåäåëÿ.

• x � ñòåïåíü 6.

• ∃a, b, n(β(a, b, 0) = 1) ∧ ∀i(i + 1 ≤ n) → (β(a, b, i + 1) =
6× β(a, b, i)) ∧ x = β(a, b, n)
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Àðèôìåòè÷íûå ïðåäèêàòû

• Íàøà áëèæàéøàÿ öåëü äîêàçàòü, ÷òî ãðàôèê âû÷èñëèìîé

ôóíêöèè àðèôìåòè÷åí.

• Êîäèðîâàíèå ïàðû (x , y):
• Êîä: p = (x + y)2 + x
• x � ïåðâûé ýëåìåíò ïàðû p:
∃d(p > d2) ∧ (p < (d + 1)2) ∧ d2 + x = p.

• y � âòîðîé ýëåìåíò ïàðû:

∃x(x � ïåðâûé ýëåìåíò ïàðû p) ∧ p = (x + y)2 + x .
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Êîäèðîâàíèå ñòåêà

• Ñòåê {c1, c2, . . . , cn} ìîæíî êîäèðîâàòü òàê:

` = pc1+1
1 pc2+1

2 . . . pck+1
k , pi � ýòî i-îå ïðîñòîå ÷èñëî.

• Âûäàòü ïîñëåäíèé ýëåìåíò ñòåêà (top):
• Íàéòè ìàêñèìàëüíîå ïðîñòîå ÷èñëî p, íà êîòîðîå äåëèòñÿ `
• Íàéòè ìàêcèìàëüíóþ ñòåïåíü d , ÷òî `

... pd .
• top + 1 = d

• Óäàëèòü âåðõíèé ýëåìåíò èç ñòåêà (pop):
• Íàéòè ìàêñèìàëüíîå ïðîñòîå ÷èñëî p, íà êîòîðîå äåëèòñÿ `
• Íàéòè ìàêñèìàëüíóþ ñòåïåíü d , ÷òî `

... pd .
• pop × pd = `

• Äîáàâèòü ýëåìåíò c â ñòåê (push):
• Íàéòè ïåðâîå ïðîñòîå ÷èñëî p, íà êîòîðîå íå äåëèòñÿ `
• push = `× pc+1
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Êîäèðîâàíèå ìàøèíû Òüþðèíãà

• Êîíôèãóðàöèÿ ÌÒ: (q, `, c , r)

• q � òåêóùåå ñîñòîÿíèå

• ` � ñïèñîê ñèìâîëîâ äî ãîëîâêè

• c � ñèìâîë, íà êîòîðûé óêàçûâàåò ãîëîâêà

• r � ñïèñîê ñèìâîëîâ îò êîíöà ëåíòû äî ãîëîâêè (â

îáðàòíîì ïîðÿäêå)

• Step(t1, t2): çà îäèí øàã ÌÒ èç êîíôèãóðàöèè t1 ïîïàäàåò

â êîíôèãóðàöèþ t2.

• t1 = (q1, `1, c1, r1), t2 = (q2, `2, c2, r2)

• Äëÿ ïðàâèëà (q, c) 7→ (q′, c ′,→)

• (q = q1 ∧ c = c1) →
((q2 = q′) ∧ l2 = push(l1, c

′) ∧ c2 = top(r1) ∧ r2 = pop(r2))

• t0 = (q0, `0, c0, r0) � íà÷àëüíàÿ êîíôèãóðàöèÿ.

• (q, `, c , r) � êîíå÷íàÿ êîíôèãóðàöèÿ, åñëè q = qf .
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Êîäèðîâàíèå ìàøèíû Òüþðèíãà

•

∃n∃x0x2 . . . xn((x1 = t0) ∧ ∀i((i + 1 ≤ n) → Step(xi , xi+1))

∧ xn � êîíå÷íàÿ êîíôèãóðàöèÿ)

• Íàäî âõîä ïîìåñòèòü â t0.

• k0 = x , ki = 2ki+1 + ki mod 2, kn = 1

• l0 = 1, li+1 = p
1+(ki mod 2)
i

• pi � ýòî ìàêñèìàëüíîå ïðîñòîå ÷èñëî, íà êîòîðîå äåëèòñÿ

li .

• Óïðàæíåíèå. Íóæíî ðåçóëüòàò íà ëåíòå çàïèñàòü â

íàòóðàëüíîå ÷èñëî.
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Èòîã

• f � âû÷èñëèìàÿ ôóíêöèÿ, M � ìàøèíà Òüþðèíãà,

âû÷èñëÿþùàÿ f

• (x , y) ïðèíàäëåæèò ãðàôèêó f :
• t0 � íà÷àëüíàÿ êîíôèãóðàöèÿ
• t1, t2, . . . , tn
• Step(ti−1, ti )
• Êîíôèãóðàöèÿ tn ñîäåðæèò êîíå÷íîå ñîñòîÿíèå
• y ñîîòâåòñòâóåò òîìó, ÷òî çàïèñàíî íà ëåíòå â tn
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Àðèôìåòè÷íîñòü ïåðå÷èñëèìûõ è

ðàçðåøèìûõ ìíîæåñòâ

Ñëåäñòâèå. Ïåðå÷èñëèìîå ìíîæåñòâî àðèôìåòè÷íî.

Äîêàçàòåëüñòâî. Ïåðå÷èñëèìîå ìíîæåñòâî S � ýòî ìíîæåñòâî

çíà÷åíèé âû÷èñëèìîé ôóíêöèè f . ϕ(x , y) � çàäàåò ãðàôèê f .
y ∈ S ⇐⇒ ∃xϕ(x , y).

Ñëåäñòâèå. Ðàçðåøèìîå ìíîæåñòâî àðèôìåòè÷íî.
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Ïðåäâàðåííàÿ ôîðìà

• Ïåðåèìåíóåì ñâÿçàííûå ïåðåìåííûå òàê, ÷òîáû èõ èìåíà

íå ñîâïàäàëè íè ñ îäíîé ñâîáîäíîé ïåðåìåííîé. È ó

ñâÿçàííûõ ïåðåìåííûõ, ñîîòâåòñâóþùèõ ðàçíûì

êâàíòîðàì áûëè áû ðàçíûå èìåíà.

• Âûíåñåì âñå êâàíòîðû âïåðåä, ðóêîâîäñòâóÿñü ïðàâèëàìè
• (∀xA) ∨ B ýêâèâàëåíòíî ∀x(A ∨ B),
• (∀xA) ∧ B ýêâèâàëåíòíî ∀x(A ∧ B),
• (∃xA) ∨ B ýêâèâàëåíòíî ∃x(A ∨ B),
• (∃xA) ∧ B ýêâèâàëåíòíî ∃x(A ∧ B).

Ïðèìåð. (p(f (x)) ∨ ∀xq(g(x))) ∧ ∃yq(y)

• Ïåðåèìåíîâûâàåì ïåðåìåííûå

(p(f (x)) ∨ ∀zq(g(z))) ∧ ∃yq(y)

• (∀z(p(f (x)) ∨ q(g(z)))) ∧ ∃yq(y)

• ∀z(((p(f (x)) ∨ q(g(z)))) ∧ ∃yq(y))

• ∀z∃y(∀z(p(f (x)) ∨ q(g(z))) ∧ q(y))
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Àðèôìåòè÷åñêàÿ èåðàðõèÿ

• Σ0 = Π0 � ìíîæåñòâî ðàçðåøèìûõ ïðåäèêàòîâ.

• Σ1 � ìíîæåñòâî ïðåäèêàòîâ, êîòîðûå ïðåäñòàâëÿþòñÿ â

âèäå ∃xP(x , y), ãäå P ∈ Π0.

• Π1 : ∀xP(x , y), ãäå P ∈ Σ0.

• Σk � ìíîæåñòâî ïðåäèêàòîâ, êîòîðûå ïðåäñòàâëÿþòñÿ â

âèäå ∃xP(x , y), ãäå P ∈ Πk−1.

• Πk : ∀xP(x , y), ãäå P ∈ Σk−1.

• Σk : ∃x1∀x2∃x3 . . .︸ ︷︷ ︸
k ïåðåìåí êâàíòîðîâ

P(x1, . . . , xk , y), P � ðàçðåøèìûé

ïðåäèêàò.

• Πk : ∀x1∃x2∀x3 . . .︸ ︷︷ ︸
k ïåðåìåí êâàíòîðîâ

P(x1, . . . , xk , y), P � ðàçðåøèìûé

ïðåäèêàò.
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Àðèôìåòè÷åñêàÿ èåðàðõèÿ

• Σk ⊆ Σk+1, Πk ⊆ Πk+1;

• Σk ⊆ Πk+1, Πk ⊆ Σk+1;

• Σk ∪ Πk ⊆ Σk+1 ∩ Πk+1;

• P ∈ Σk ⇐⇒ ¬P ∈ Πk ;

• Ëþáîé àðèôìåòè÷íûé ïðåäèêàò ïîïàäàåò â êàêîé-íèáóäü

óðîâåíü ïîëèíîìèàëüíîé èåðàðõèè.

• Σ1 � ïåðè÷èñëèìûå ïðåäèêàòû.

• Π1 � êîïåðå÷èñëèìûå.

• Âåðíî ëè Σk ( Σk+1?
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m-câåäåíèÿ

• A≤m B, åñëè ñóùåñòâóåò âñþäó îïðåäåëåííàÿ âû÷èñëèìàÿ

ôóíêöèÿ f , ÷òî ∀x , x ∈ A ⇐⇒ f (x) ∈ B.

• A≤mB, B � ðàçðåøèìî =⇒ A � ðàçðåøèìî

• A≤mB, B � ïåðå÷èñëèìî =⇒ A � ïåðå÷èñëèìî

• A≤mB ⇐⇒ N \ A ≤m N \ B

• A≤mB, B ∈ Σk =⇒ A ∈ Σk

• y ∈ B ⇐⇒ ∃x1∀x2∃x3 . . .P(x1, . . . , xk , y)
• y ∈ A ⇐⇒ ∃x1∀x2∃x3 . . .P(x1, . . . , xk , f (y))

• A≤mB, B ∈ Πk =⇒ A ∈ Πk

• Ω � íàáîð ìíîæåñòâ. A ∈ Ω íàçûâàåòñÿ m-ïîëíûì, åñëè

∀B ∈ Ω,B≤mA.
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Óíèâåðñàëüíûå ìíîæåñòâà â

àðèôìåòè÷åñêîé èåðàðõèè

• Óíèâåðñàëüíîå ïåðå÷èñëèìîå ìíîæåñòâî:

U = {(n, x) |< n > (x) îñòàíàâëèâàåòñÿ}
• A � ïåðå÷èñëèìîå ìíîæåñòâî, A � ïåðå÷èñëÿþùèé

àëãîðèòì, òî A = {x | (]A, x) ∈ U}
• Óíèâåðñàëüíîå ìíîæåñòâî â Π1 : U = {(n, x) | (n, x) /∈ U}.
• Ïî èíäóêöèè ïîêàæåì, ÷òî óíèâåðñàëüíîå ìíîæåñòâî åñòü

â Σk ,Πk

• Ïóñòü A ∈ Σk+1, òîãäà x ∈ A ⇐⇒ ∃yP(x , y), ãäå P ∈ Πk ,

ïóñòü U � óíèâåðñàëüíîå ìíîæåñòâî â Πk , òîãäà

P = U(nP , x , y).

• x ∈ A ⇐⇒ ∃yU(nP , x , y)

• ∃yU(n, x , y) � óíèâåðñàëüíîå ìíîæåñòâî â Σk+1.

• Äîïîëíåíèå óíèâåðñàëüíîãî â Σk � óíèâåðñàëüíîå â Πk .
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Ñòðîãîñòü àðèôìåòè÷åñêîé èåðàðõèè

• T (n, x) � óíèâåðñàëüíî Σk ìíîæåñòâî

• Ïóñòü T ∈ Πk

• t(x) = T (x , x) ∈ Πk

• d(x) = ¬t(x) ∈ Σk , íå ÿâëÿåòñÿ ïðîåêöèåé T (n, x).

• Σk 6= Πk ⊆ Σk+1

• Πk ( Πk+1

16 / 19



Òåîðåìà Òàðñêîãî

• Âñå àðèôìåòè÷íûå ïðåäèêàòû ñîäåðæàòñÿ â

àðèôìåòè÷åñêîé èåðàðõèè. Àðèôìåòè÷åñêàÿ èåðàðõèÿ

ñîñòîèò èç àðèôìåòè÷íûõ ïðåäèêàòîâ.

• Ïóñòü T � ìíîæåñòâî íîìåðîâ âñåõ èñòèííûõ çàìêíóòûõ

ôîðìóë.

• Ëþáîå àðèôìåòè÷íîå ìíîæåñòâî m-ñâîäèòñÿ ê T

• Òåîðåìà. (Òàðñêèé) T íå ÿâëÿåòñÿ àðèôìåòè÷íûì
• Ïóñòü T ∈ Σk , òîãäà âñÿ àðèôìåòè÷åñêàÿ èåðàðõèÿ

ñîäåðæèòñÿ â Σk

• Òåîðåìà. (Ãåäåëü) Ìíîæåñòâî T íå ÿâëÿåòñÿ

ïåðå÷èñëèìûì.
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Ïðÿìîå äîêàçàòåëüñòâî òåîðåìû Ãåäåëÿ

• Proof (m, n): ñòðîêà ñ íîìåðîì m ÿâëÿåòñÿ

äîêàçàòåëüñòâîì çàìêíóòîé ôîðìóëû íîìåð n.

• Subst(m, n, k): m � ýòî íîìåð çàìêíóòîé ôîðìóëû,

êîòîðûé ïîëó÷àåòñÿ, åñëè ïîäñòàâèòü âìåñòî ñâîáîäíîé

ïåðåìåííîé n-îé îäíîïàðàìåòðè÷åñêîé ôîðìóëîé ÷èñëî k .

• ¬∃z∃p[Subst(z , x , x) ∧ Proof (p, z)]

• Ýòà ôîðìóëà ñ îäíîé ñâîáîäíîé ïåðåìåííîé x . Ïóñòü åå
íîìåð N.

• Ïîäñòàâèì N â ýòó ôîðìóëó. Ïîëó÷èëàñü ôîðìóëà ϕ.

• Ïî ïîñòðîåíèþ ôîðìóëà ϕ èñòèííà, êîãäà íåäîêàçóåìà è

ëîæíà, êîãäà äîêàçóåìà.
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Çàäà÷è

1 Àðèôìåòè÷íî ëè ìíîæåñòâî íîìåðîâ àëãîðèòìîâ, êîòîðûå

îñòàíàâëèâàþòñÿ õîòÿ áû íà îäíîì âõîäå?

2 Ïîñòðîéòå ÿâíî óíèâåðñàëüíûå Σn è Πn ìíîæåñòâà.

3 Ïîêàæèòå, ÷òî äëÿ ëþáîãî N ìíîæåñòâî âñåõ èñòèííûõ

çàìêíóòûõ àðèôìåòè÷åñêèõ ôîðìóë, ñîäåðæàùèõ íå áîëåå

N êâàíòîðîâ, àðèôìåòè÷íî.

4 Ïóñòü ñâîéñòâî ïàð íàòóðàëüíûõ ÷èñåë R(x , y)
ïðèíàäëåæèò Σn. Äîêàæèòå, ÷òî ñâîéñòâî

S(x) = (∀y ≤ x)R(x , y) òîæå ïðèíàäëåæèò Σn.

5 Äîêàæèòå, ÷òî íåò àëãîðèòìà, êîòîðûé áû ïðîâåðèë, âåðíî

ëè, ÷òî äàííàÿ ìàøèíà Òüþðèíãà ðàáîòàåò íà âõîäå äëèíû

n íå áîëåå, ÷åì 100n2 + 200 øàãîâ.
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