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Ñîäåðæàíèå êóðñà

• Íèæíèå îöåíêè
• Òåîðåìà Ðàçáîðîâà: äëÿ ìîíîòîííûõ ñõåì
• Äëÿ ñõåì îãðàíè÷åííîé ãëóáèíû
• Äëÿ ñõåì èç Modp ýëåìåíòîâ
• Natural proofs

• Äåðàíäîìèçàöèÿ
• Ýêñïàíäåðû, äèñïåðñåðû, ýêñòðàêòîðû
• Óìåíüøåíèå âåðîÿòíîñòè îøèáêè
• Àëãîðèòì Ðåéíãîëüäà

• Ñâÿçü íèæíèõ îöåíîê è äåðàíäîìèçàöèè
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Áóëåâû ñõåìû
Áóëåâà ñõåìà - ýòî

• Îðèåíòèðîâàííûé ãðàô áåç öèêëîâ
• Ðîâíî îäíà âåðøèíà, èç êîòîðîé íå âûõîäèò ðåáåð (âûõîä)
• n âåðøèí, â êîòîðûå íå âõîäÿò ðåáðà
• Âñå îñòàëüíûå âåðøèíû ïîìå÷åíû ëîãè÷åñêèìè ñâÿçêàìè

∨,∧,¬. (àðíîñòü ñâÿçêè äîëæíà ðàâíÿòüñÿ ÷èñëó âõîäÿùèõ

ðåáåð)
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Ñõåìíàÿ ñëîæíîñòü áóëåâûõ ôóíêöèé

• Ðàçìåð ñõåìû � ýòî êîëè÷åñòâî âåðøèí â ãðàôå,

çàäàþùåì ñõåìó.

• Ñõåìíàÿ ñëîæíîñòü ôóíêöèè � ýòî ìèíèìàëüíûé ðàçìåð

ñõåìû, âû÷èñëÿþùåé ýòó ôóíêöèþ.

• Ñõåìó ðàçìåðà k ìîæíî çàïèñàòü ñ ïîìîùüþ O(k log k)
áèòîâ.

• Êîëè÷åñòâî ñõåì ðàçìåðà 2
n
2 íå ïðåâîñõîäèò 2O( n

2
2n/2).

• Êîëè÷åñòâî áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ ðàâíÿåòñÿ

22n
.

• Çíà÷èò, ñóùåñòâóåò áóëåâà ôóíêöèÿ, ñëîæíîñòü êîòîðîé íå

ìåíåå 2
n
2 .

• Îòêðûòûé âîïðîñ: ïîñòðîèòü ÿâíóþ ôóíêöèþ áîëüøîé

ñõåìíîé ñëîæíîñòè.
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Ìîíîòîííûå áóëåâû ôóíêöèè è ñõåìû

• x , y ∈ {0, 1}n, x ≤ y ⇐⇒ ∀i , xi ≤ yi

• f : {0, 1}n → {0, 1} ìîíîòîííàÿ, åñëè ∀x ≤ y , f (x) ≤ f (y).

• f � ìîíîòîííàÿ, åñëè ïðè çàìåíå 0 íà 1 çíà÷åíèå f íå

óìåíüøàåòñÿ.

• Ìîíîòîííàÿ ñõåìà: âñå ñâÿçêè ∧ è ∨.
• Ìîíîòîííàÿ ñõåìà âû÷èñëÿåò ìîíîòîííóþ ôóíêöèþ.

• Ëþáóþ ìîíîòîííóþ ôóíêöèþ (îòëè÷íóþ îò êîíñòàíòû)

ìîæíî âû÷èñëèòü ñ ïîìîùüþ ìîíîòîííûõ ñõåì.
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Çàäà÷à î êëèêå

• Ãðàô G (V ,E ) çàäàí ìàòðèöåé ñìåæíîñòè, |V | = n.

• Åñòü ëè â ýòîì ãðàôå êëèêà (ïîëíûé ïîäãðàô) ðàçìåðà k?

• Ýòî NP-ïîëíàÿ çàäà÷à

• Ìîíîòîííàÿ ôóíêöèÿ

• Èíäèêàòîð êëèêè: K ⊆ V , CK =
∧

i ,j∈K

xij

• Ìîíîòîííàÿ ñõåìà äëÿ çàäà÷è î êëèêå:∨
K⊂V ,|K |=k

CK

• Ðàçìåð ñõåìû C k
n .

• Òåîðåìà. (Ðàçáîðîâ) Ìîíîòîííàÿ ñëîæíîñòü CLIQUEn,k

åñòü Ω(2ε
√

k) äëÿ âñåõ k ≤ n
1
4 .
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Ñõåìû èç èíäèêàòîðîâ

• S1, . . . ,Sm ⊂ V ,
m∨

i=1

CSi
,

ãäå CK =
∧

i ,j∈K

xij

• Áëèæàéøàÿ öåëü: äîêàçàòü, ÷òî â ëþáîé èíäèêàòîðíîé

ñõåìå îáÿçàòåëüíî ìíîãî èíäèêàòîðîâ.
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Îñíîâíûå ïðèìåðû ãðàôîâ

Y-ðàñïðåäåëåíèå N -ðàñïðåäåëåíèå

Âûáðàòü ñëó÷àéíîå K ⊆ V , Ðàñêðàñèòü âåðøèíû â

|K | = k , âûäàòü ãðàô, k − 1 öâåò ñëó÷àéíûì

â êîòîðîì K � êëèêà, îáðàçîì, ðåáðîì ñîåäèíèòü

à áîëüøå ðåáåð íåò âåðøèíû ðàçíûõ öâåòîâ

CLIQUEn,k(Y) = 1 CLIQUEn,k(N ) = 0
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Ïîâåäåíèå èíäèêàòîðîâ íà îñíîâíûõ

ïðèìåðàõ

Ëåììà. Äëÿ äîñòàòî÷íî áîëüøèõ n, k ≤ n1/4, |S | ⊆ V ëèáî

Pr
G←N

[CS(G ) = 1] ≥ 0.99, ëèáî Pr
G←Y

[CS(G ) = 1] ≤ n−
√

k/20.

Äîêàçàòåëüñòâî. Ïóñòü l =
√

k − 1/10.

• Ïóñòü |S | ≤ l , òî Pr
G←N

[CS(G ) = 1] ≥ (k−1)(k−2)...(k−l)
(k−1)l

≥

( k−l
k−1)l = (1− l−1

k−1)l ≥ (1− 1
10
√

k−1
)
√

k−1/10 ≥ 1− 1
100 .

• Ïóñòü |S | > l , òîãäà Pr
G←Y

[CS(G ) = 1] = Pr
K⊆V ,|K |=k

[S ⊆ K ] =

C
k−|S|
n−|S|
C k

n
≤ C

k−|S|
n

C k
n

≤ C k−l
n

C k
n

= k!(n−k)!
(k−l)!(n−k+l)! = k(k−1)...(k−l+1)

(n−k+1)...(n−k+l) ≤
(2k

n )l ≤ 2l

n0.75l ≤ 1
n0.7l < 1

n
√

k/20
.

Ñëåäñòâèå. Ðàçìåð èíäèêàòîðíîé ñõåìû äëÿ CLIQUEn,k íå

ìåíüøå n
√

k/20.
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Ïðèáëèæåíèå èíäèêàòîðíûìè ñõåìàìè

• Ïóñòü ñõåìà C ðàçìåðà s < 2
√

k/100 ðåøàåò CLIQUEn,k .

• Áóäåì ïðèáëèæàòü C èäèêàòîðíûìè ñõåìàìè.

• Ïóñòü C = f1, f2, . . . , fs , ãäå fk =

 âõîä

fk ′ ∨ fk ′′

fk ′ ∧ fk ′′

, ãäå k ′, k ′′ < k

• Áóäåì ïðèáëèæàòü f̃1, f̃2, . . . , f̃s , ãäå f̃j èìååò âèä∨m
i=1 CSi

, |Si | ≤ l .

• l =
√

k − 1/10, p = 10
√

k log n,m = (p − 1)l l!,

m << n
√

k/20.

• Ôóíêöèè, êîòîðûå èìåþò âèä
∨m

i=1 CSi
, |Si | ≤ l , áóäåì

íàçûâàòü (m, l)-ïðàâèëüíûìè.
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Ïðèáëèæåíèå èíäèêàòîðíûìè ñõåìàìè

• Ñòðîèì f̃k èíäóêòèâíî.

• Åñëè fk � ýòî âõîä, òî f̃k = fk

• Åñëè fk = fk ′ ∨ fk ′′ , òî f̃k = f̃k ′ t f̃k ′′ .

• Åñëè fk = fk ′ ∧ fk ′′ , òî f̃k = f̃k ′ u f̃k ′′ .

• Îñíîâíûå òðåáîâàíèÿ íà t,u äëÿ (m, l)-ïðàâèëüíûõ f è g :

Pr
G←Y

[f t g(G ) < f ∨ g(G )] < 1
10s Pr

G←N
[f t g(G ) > f ∨ g(G )] < 1

10s

Pr
G←Y

[f u g(G ) < f ∧ g(G )] < 1
10s Pr

G←N
[f u g(G ) > f ∧ g(G )] < 1

10s

Èòîãî f̃s èìåþò âèä
∨m

i=1 CSi
, ãäå m << n

√
k/20 è

Pr
G←Y

[f̃s(G ) ≥ fs(G )] > 0.9, Pr
G←N

[f̃s(G ) ≤ fs(G )] > 0.9, ÷åãî íå

ìîæåò áûòü äëÿ èíäèêàòîðíûõ ñõåì.
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Îïåðàöèÿ f t g

• f =
∨m

i=1 CSi
, g =

∨2m
j=m+1 CSj

• h =
∨2m

i=1 CSi
� ñëèøêîì ìíîãî èíäèêàòîðîâ.

• Ëåììà. (î ïîäñîëíóõå) Ïóñòü Z � íàáîð ìíîæåñòâ,

ìîùíîñòè íå áîëåå l . Åñëè |Z| > (p − 1)l l!, òî
∃Z1,Z2, . . . ,Zp ∈ Z, ÷òî Zi ∩ Zj = Z äëÿ âñåõ 1 ≤ i , j ≤ p.

• Ïîêà â h åñòü ïîäñîëíóõ Z1,Z2, . . . ,Zp, çàìåíèòü åãî íà

ñåðäöåâèíó Z .
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Êîððåêòíîñòü f t g

1 Pr
G←Y

[f t g(G ) < f ∨ g(G )] < 1
10s � î÷åâèäíî

2 Pr
G←N

[f t g(G ) > f ∨ g(G )] < 1
10s

• Ïîäñîëíóõ Z1,Z2, . . . ,Zp ñ ñåðäöåâèíîé Z .
• Ðàññìîòðèì ðàñïðåäåëåíèå N .
• Ñîáûòèå B: âñå âåðøèíû Z ïîêðàøåíû â ðàçíûé öâåò.
• Ñîáûòèå Ai : íå âñå âåðøèíû Zi ïîêðàøåíû â ðàçíûé öâåò.
• Ïîñêîëüêó |Zi | ≤ l , òî Pr[Ai |B] < 1

2
• Pr[A1 ∧ A2 · · · ∧ Ap ∧ B] ≤ Pr[A1 ∧ A2 · · · ∧ Ap|B] =∏p

i=1 Pr[Ai |B] ≤ 1
2p = 1

n10
√

k
< 1

10m2s (s < 2
√

k).

• Áûëî íå áîëåå m îùèïûâàíèé ïîäñîëíóõà.
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Îïåðàöèÿ f u g

• f =
∨m

i=1 CSi
, g =

∨m
j=1 CTj

• h =
∨m

i=1

∨m
j=1 CSi∪Tj

� ñëèøêîì ìíîãî èíäèêàòîðîâ.

• Âûêèíåì âñå CS , åñëè |S | > l .

• Ïîêà â h åñòü ïîäñîëíóõ Z1,Z2, . . . ,Zp, çàìåíèòü åãî íà

ñåðäöåâèíó.
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Êîððåêòíîñòü f u g

1 Pr
G←Y

[f u g(G ) < f ∧ g(G )] < 1
10s �

• Ïðè îùèïûâàíèè ïîäñîëíóõà çíà÷åíèå íå ìîãëî
óìåíüøèòüñÿ

• Çíà÷èò, óìåíüøèëîñü ïðè âûêèäûâàíèè CS ïðè |S | > l , íî
òîãäà Pr

G←Y
[CZ (G ) = 1] < 1

n
√

k/20
< 1

10sm2

• Âñåãî ÷èñëî âûêèäûâàíèé íå áîëåå m2.

2 Pr
G←N

[f u g(G ) > f ∨ g(G )] < 1
10s

• Ïðè óäàëåíèè ìíîæåñòâà çíà÷åíèå óâåëè÷èòñÿ íå ìîãëî.
• Îùèïûâàíèå ïîäñîëíóõà îöåíèâàëè äëÿ f t g
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Ëåììà î ïîäñîëíóõå

Ëåììà. (î ïîäñîëíóõå) Ïóñòü Z � íàáîð ìíîæåñòâ, ìîùíîñòè

íå áîëåå l . Åñëè |Z| > (p − 1)l l!, òî ∃Z1,Z2, . . . ,Zp ∈ Z, ÷òî
Zi ∩ Zj = Z äëÿ âñåõ 1 ≤ i , j ≤ p.
Äîêàçàòåëüñòâî.

• Èíäóêöèÿ ïî l . Áàçà l = 1. Âñå ìíîæåñòâà ðàçëè÷íû,
çíà÷èò íå ïåðåñåêàþòñÿ, ìîæíî âçÿòü Z = ∅, |Z| ≥ p.

• Ïåðåõîä. Ïóñòü M � ìàêñèìàëüíûé ïî âêëþ÷åíèþ íàáîð

íåïåðåñåêàþùèõñÿ ìíîæåñòâ. Äëÿ êàæäîãî S ∈ Z
ñóùåñòâóåò x ∈ S , ÷òî x ∈ ∪M. Åñëè |M| ≥ p, òî M �

ïîäñîëíóõ.

• Çíà÷èò | ∪M| ≤ (p − 1)l , òîãäà ñóùåñòâóåò x ∈ ∪M,

êîòîðûé âñòðå÷àåòñÿ êàê ìèíèìóì â |Z|
l(p−1) ìíîæåñòâàõ Z.

• S1,S2, . . . ,St ñîäåðæàò ýòîò x , t ≥ (p − 1)l−1(l − 1)!.
Îñòàëîñü âîñïîëüçîâàòüñÿ èíäóêöèîííûì

ïðåäïîëîæåíèåì.
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