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Ïåðå÷èñëèìûå ìíîæåñòâà

Îïðåäåëåíèå. Ìíîæåñòâî M íàòóðàëüíûõ ÷èñåë íàçûâàåòñÿ

ïåðå÷èñëèìûì, åñëè ìîæíî íàïèñàòü ïðîãðàììó R äëÿ

ðåãèñòðîâîé ìàøèíû, òàêóþ ÷òî

R-a -
îñòàíîâêà, åñëè a ∈M

âå÷íàÿ ðàáîòà â ïðîòèâíîì ñëó÷àå



Ïðè çàïóñêå ìàøèíû ÷èñëî a ïîìåùåíî â ðåãèñòð R1, âñå

îñòàëüíûå ðåãèñòðû ñîäåðæàò íóëè.



Îò ðåãèñòðîâîé ìàøèíû ê äèîôàíòîâó óðàâíåíèþ

1. Ïðåîáðàçîâàòü ïðîãðàììó òàê, ÷òîáû â ìîìåíò îñòàíîâêè

âñå ðåãèñòðû áûëè ïóñòûìè.

2. Îïèñàòü ðàáîòó ðåãèñòðîâîé ìàøèíû ñîîòíîøåíèÿìè ìåæäó

ñîäåðæèìûì ïðîòîêîëà â ñîñåäíèå ìîìåíòû âðåìåíè

r`,t+1 = r`,t +
∑+

` sk,t −
∑−

` z`n,tsk,t

sd ,t+1 =
∑+

d sk,t +
∑−

d z`,tsk,t +
∑

0

d (1− z`,t)sk,t

z`,t =

{
1, åñëè r`,t > 0

0 â ïðîòèâíîì ñëó÷àå

è äîáàâèòü íà÷àëüíûå è êîíå÷íûå óñëîâèÿ

r1,0 = a r2,0 = · · · = rn,0 = 0

s1,0 = 1 s2,0 = · · · = sm,0 = 0

sm,q = 1 s1,q = · · · = sm−1,q = 0

r1,q = · · · = rn,q = 0
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Îò ðåãèñòðîâîé ìàøèíû ê äèîôàíòîâó óðàâíåíèþ

3. Îïèñàòü ðàáîòó ðåãèñòðîâîé ìàøèíû ñîîòíîøåíèÿìè ìåæäó

çàêîäèðîâàííûì ñîäåðæèìûì ïðîòîêîëà:

2a = 2r`,0 <

b = 2c+1

r` − r`,0 = br` + b
∑+

` sk − b
∑−
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sd − sd ,0 = b
∑+

d sk + b
∑+

d (z` ∧ sk) + b
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0
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e =
bq − 1

b − 1
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Îò ðåãèñòðîâîé ìàøèíû ê äèîôàíòîâó óðàâíåíèþ
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Îò ðåãèñòðîâîé ìàøèíû ê äèîôàíòîâó óðàâíåíèþ

4. Ïåðåïèñàòü ïîëó÷åííûå ñîîòíîøåíèÿ, èñïîëüçóÿ âìåñòî

îïåðàöèè ïîðàçðÿäíîãî óìíîæåíèÿ áèíîìèàëüíûå

êîýôôèöèåíòû (è äîïîëíèòåëüíûå ïåðåìåííûå)

5. Ïåðåïèñàòü íîâûå ñîîòíîøåíèÿ áåç èñïîëüçîâàíèÿ

áèíîìèàëüíûõ êîýôôèöèåíòîâ â âèäå ñèñòåìû

ýêñïîíåíöèàëüíî äèîôàíòîâûõ óðàâíåíèé

Îïðåäåëåíèå. Ýêñïîíåíöèàëüíî äèîôàíòîâî óðàâíåíèèåèìååò

âèä

EL(x1, x2, . . . , xm) = ER(x1, x2, . . . , xm)

ãäå EL è ER � âûðàæåíèÿ, ïîñòðîåííûå ïî îáû÷íûì ïðàâèëàì

ñ ïîìîùüþ ñëîæåíèÿ, óìíîæåíèÿ è âîçâåäåíèÿ â ñòåïåíü èç

êîíêðåòíûõ íàòóðàëüíûõ ÷èñåë è ïåðåìåííûõ, äîïóñòèìûìè

çíà÷åíèÿìè êîòîðûõ ÿâëÿþòñÿ òàêæå òîëüêî íàòóðàëüíûå

÷èñëà.
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Îò ðåãèñòðîâîé ìàøèíû ê äèîôàíòîâó óðàâíåíèþ

6. Ñâåðíóòü ñèñòåìó ýêñïîíåíöèàëüíî äèîôàíòîâûõ óðàâíåíèé

â îäíî ýêñïîíåíöèàëüíî äèîôàíòîâî óðàâíåíèå, äàþùåå

ýêñïîíåíöèàëüíî äèîôàíòîâî ïðåäñòàâëåíèå èñõîäíîãî

ïåðå÷èñëèìîãî ìíîæåñòâà, ïðèíèìàåìîãî ðåãèñòðîâîé

ìàøèíîé

7. Ïðåîáðàçîâàòü ïîëó÷åííîå ýêñïîíåíöèàëüíî äèîôàíòîâî

óðàâíåíèå â ýêâèâàëåíòíîå äèîôàíòîâî óðàâíåíèå, èñïîëüçóÿ

ìíîãî êîïèé ìíîãî÷ëåíà èç äèîôàíòîâà ïðåäñòàâëåíèÿ

âîçâåäåíèÿ â ñòåïåíü:

a = bc ⇐⇒ ∃x1 . . . xm{P(a, b, c , x1, . . . , xm) = 0}
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Îò ðåãèñòðîâîé ìàøèíû ê ýêñïîíåíöèàëüíî äèîôàíòîâó
óðàâíåíèþ

Òåîðåìà (Davis-Putnam-Robinson [1961]). Êàæäîå
ïåðå÷èñëèìîå ìíîæåñòâî M èìååò ýêñïîíåíöèàëüíî

äèîôàíòîâî ïðåäñòàâëåíèå

〈a1, . . . , an〉 ∈M⇐⇒
⇐⇒ ∃x1 . . . xm{EL(x1, x2, . . . , xm) = ER(x1, x2, . . . , xm)} (1)

Òåîðåìà (Ìàòèÿñåâè÷ [1975]). Êàæäîå ïåðå÷èñëèìîå

ìíîæåñòâî M èìååò îäíîêðàòíîå ýêñïîíåíöèàëüíî äèîôàíòîâî

ïðåäñòàâëåíèå (1), â êîòîðîì çíà÷åíèÿ íåèçâåñòíûõ

x1, x2, . . . , xm, åñëè îíè ñóùåñòâóþò, îäíîçíà÷íî îïðåäåëÿþòñÿ

ïî çíà÷åíèÿì ïàðàìåòðîâ a1, . . . , an.
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Îäíîêðàòíîå êîäèðîâàíèå ïðîòîêîëà

2a = 2r`,0 < b = 2c+1

r` − r`,0 = br` + b
∑+

` sk − b
∑−

` (z` ∧ sk)

sd − sd ,0 = b
∑+

d sk + b
∑+

d (z` ∧ sk) + b
∑

0

d ((e − z`) ∧ sk)

e =
bq − 1

b − 1

2c f ∧ ((2c − 1)f + r`) = 2cz` f =
bq+1 − 1

b − 1

2c f ∧ r` = 0 sm = bq



Îäíîêðàòíîå êîäèðîâàíèå ïðîòîêîëà

b = 2c+1 c = a + q + 1

r` − r`,0 = br` + b
∑+

` sk − b
∑−

` (z` ∧ sk)

sd − sd ,0 = b
∑+

d sk + b
∑+

d (z` ∧ sk) + b
∑

0

d ((e − z`) ∧ sk)

e =
bq − 1

b − 1

2c f ∧ ((2c − 1)f + r`) = 2cz` f =
bq+1 − 1

b − 1

2c f ∧ r` = 0 sm = bq



Îäíîêðàòíîñòü ïîðàçðÿäíîãî óìíîæåíèÿ

c = a ∧ b ⇐⇒
(
a

c

)
íå÷åòí. &

(
b

c

)
íå÷åòí. &

&

(
(a − c) + (b − c)

a − c

)
íå÷åòí.

⇐⇒ ∃x1x2x3
{(

a

c

)
= 2x1 + 1&

(
b

c

)
= 2x2 + 1&

&

(
(a − c) + (b − c)

a − c

)
= 2x3 + 1

}



Îäíîêðàòíîñòü ïîðàçðÿäíîãî óìíîæåíèÿ
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(
a

c

)
íå÷åòí. &

(
b

c

)
íå÷åòí. &

&

(
(a − c) + (b − c)

a − c

)
íå÷åòí.

⇐⇒ ∃x1x2x3
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a

c

)
= 2x1 + 1&

(
b

c

)
= 2x2 + 1&

&

(
(a − c) + (b − c)

a − c

)
= 2x3 + 1

}



Îäíîêðàòíîñòü áèíîìèàëüíûõ êîýôôèöèåíòîâ

c =

(
m

n

)
⇐⇒ ∃upq{(1 + u)m = pun+1 + cun + q &

c < u & q < un−1 & u > 2m}

⇐⇒ ∃upqxy{(1 + u)m = pun+1 + cun + q &

c + x + 1 = u & q + y + 1 = un−1 & u = 2m + 1}
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Îò ðåãèñòðîâîé ìàøèíû ê äèîôàíòîâó óðàâíåíèþ

7. Ïðåîáðàçîâàòü ïîëó÷åííîå ýêñïîíåíöèàëüíî äèîôàíòîâî
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ìíîãî êîïèé ìíîãî÷ëåíà èç äèîôàíòîâà ïðåäñòàâëåíèÿ

âîçâåäåíèÿ â ñòåïåíü:

a = bc ⇐⇒ ∃x1 . . . xm{P(a, b, c , x1, . . . , xm) = 0}

∃c{a = 2c} ⇐⇒ ∃x1 . . . xm{P(a, x1, . . . , xm) = 0}
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αb(n) = bαb(n + 1)− αb(n + 2)

αb(−1) = bαb(0)− αb(1) = −1

αb(0) = 0 = −αb(0) αb(−1) = −1 = −α(1) αb(−n) = −αb(n)



Ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè âòîðîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

αb(n) = bαb(n + 1)− αb(n + 2)

αb(−1) = bαb(0)− αb(1) = −1

αb(0) = 0 = −αb(0) αb(−1) = −1 = −α(1) αb(−n) = −αb(n)



Ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè âòîðîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

αb(n) = bαb(n + 1)− αb(n + 2)

αb(−1) = bαb(0)− αb(1)

= −1

αb(0) = 0 = −αb(0) αb(−1) = −1 = −α(1) αb(−n) = −αb(n)



Ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè âòîðîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

αb(n) = bαb(n + 1)− αb(n + 2)

αb(−1) = bαb(0)− αb(1) = −1

αb(0) = 0 = −αb(0) αb(−1) = −1 = −α(1) αb(−n) = −αb(n)



Ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè âòîðîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

αb(n) = bαb(n + 1)− αb(n + 2)

αb(−1) = bαb(0)− αb(1) = −1

αb(0) = 0 = −αb(0) αb(−1) = −1 = −α(1)

αb(−n) = −αb(n)



Ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè âòîðîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

αb(n) = bαb(n + 1)− αb(n + 2)

αb(−1) = bαb(0)− αb(1) = −1

αb(0) = 0 = −αb(0) αb(−1) = −1 = −α(1) αb(−n) = −αb(n)



Äèîôàíòîâîñòü ïîñëåäîâàòåëüíîñòè αb(k)

Îñíîâíàÿ ëåììà. Ñóùåñòâóåò ìíîãî÷ëåí Q(x , b, k , x1, . . . , xm)
òàêîé ÷òî

b ≥ 4 & x = αb(k)⇐⇒ ∃x1 . . . xm{P(x , b, k , x1, . . . , xm) = 0}



Ñêîðîñòü ðîñòà

αb(0) = 0 αb(1) = 1 αb(n+2) = bαb(n+1)−αb(n) b ≥ 2

(b − 1)αb(n + 1) ≤ αb(n + 2) ≤ bαb(n + 1)

(b − 1)n ≤ αb(n + 1) ≤ bn



Ñêîðîñòü ðîñòà

αb(0) = 0 αb(1) = 1 αb(n+2) = bαb(n+1)−αb(n) b ≥ 2

(b − 1)αb(n + 1) ≤ αb(n + 2) ≤ bαb(n + 1)

(b − 1)n ≤ αb(n + 1) ≤ bn



Ñêîðîñòü ðîñòà

αb(0) = 0 αb(1) = 1 αb(n+2) = bαb(n+1)−αb(n) b ≥ 2

(b − 1)αb(n + 1) ≤ αb(n + 2) ≤ bαb(n + 1)

(b − 1)n ≤ αb(n + 1) ≤ bn



Îò α ê β

(b − 1)n ≤ αb(n + 1) ≤ bn

bn ≤ αb+1(n + 1) ≤ (b + 1)n

(b − 1)n ≤ αb(n + 1) ≤ bn ≤ αb+1(n + 1) ≤ (b + 1)n

(bd − 1)n ≤ αbd (n + 1) ≤ (bd)n ≤ αbd+1(n + 1) ≤ (bd + 1)n

(d − 1)n ≤ αd (n + 1) ≤ dn ≤ αd+1(n + 1) ≤ (d + 1)n

(
bd − 1

d + 1

)n

≤ αbd(n + 1)

αd+1(n + 1)
≤ bn ≤ αbd+1(n + 1)

αd (n + 1)
≤
(
bd + 1

d − 1

)n



Îò α ê β

(b − 1)n ≤ αb(n + 1) ≤ bn

bn ≤ αb+1(n + 1) ≤ (b + 1)n

(b − 1)n ≤ αb(n + 1) ≤ bn ≤ αb+1(n + 1) ≤ (b + 1)n

(bd − 1)n ≤ αbd (n + 1) ≤ (bd)n ≤ αbd+1(n + 1) ≤ (bd + 1)n

(d − 1)n ≤ αd (n + 1) ≤ dn ≤ αd+1(n + 1) ≤ (d + 1)n

(
bd − 1

d + 1

)n

≤ αbd(n + 1)

αd+1(n + 1)
≤ bn ≤ αbd+1(n + 1)

αd (n + 1)
≤
(
bd + 1

d − 1

)n



Îò α ê β

(b − 1)n ≤ αb(n + 1) ≤ bn

bn ≤ αb+1(n + 1) ≤ (b + 1)n

(b − 1)n ≤ αb(n + 1) ≤ bn ≤ αb+1(n + 1) ≤ (b + 1)n

(bd − 1)n ≤ αbd (n + 1) ≤ (bd)n ≤ αbd+1(n + 1) ≤ (bd + 1)n

(d − 1)n ≤ αd (n + 1) ≤ dn ≤ αd+1(n + 1) ≤ (d + 1)n

(
bd − 1

d + 1

)n

≤ αbd(n + 1)

αd+1(n + 1)
≤ bn ≤ αbd+1(n + 1)

αd (n + 1)
≤
(
bd + 1

d − 1

)n



Îò α ê β

(b − 1)n ≤ αb(n + 1) ≤ bn

bn ≤ αb+1(n + 1) ≤ (b + 1)n

(b − 1)n ≤ αb(n + 1) ≤ bn ≤ αb+1(n + 1) ≤ (b + 1)n

(bd − 1)n ≤ αbd (n + 1) ≤ (bd)n ≤ αbd+1(n + 1) ≤ (bd + 1)n

(d − 1)n ≤ αd (n + 1) ≤ dn ≤ αd+1(n + 1) ≤ (d + 1)n

(
bd − 1

d + 1

)n

≤ αbd(n + 1)

αd+1(n + 1)
≤ bn ≤ αbd+1(n + 1)

αd (n + 1)
≤
(
bd + 1

d − 1

)n



Îò α ê β

(b − 1)n ≤ αb(n + 1) ≤ bn

bn ≤ αb+1(n + 1) ≤ (b + 1)n

(b − 1)n ≤ αb(n + 1) ≤ bn ≤ αb+1(n + 1) ≤ (b + 1)n

(bd − 1)n ≤ αbd (n + 1) ≤ (bd)n ≤ αbd+1(n + 1) ≤ (bd + 1)n

(d − 1)n ≤ αd (n + 1) ≤ dn ≤ αd+1(n + 1) ≤ (d + 1)n

(
bd − 1

d + 1

)n

≤ αbd(n + 1)

αd+1(n + 1)
≤ bn ≤ αbd+1(n + 1)

αd (n + 1)
≤
(
bd + 1

d − 1

)n



Îò α ê β

(b − 1)n ≤ αb(n + 1) ≤ bn

bn ≤ αb+1(n + 1) ≤ (b + 1)n

(b − 1)n ≤ αb(n + 1) ≤ bn ≤ αb+1(n + 1) ≤ (b + 1)n

(bd − 1)n ≤ αbd (n + 1) ≤ (bd)n ≤ αbd+1(n + 1) ≤ (bd + 1)n

(d − 1)n ≤ αd (n + 1) ≤ dn ≤ αd+1(n + 1) ≤ (d + 1)n

(
bd − 1

d + 1

)n

≤ αbd(n + 1)

αd+1(n + 1)
≤ bn ≤ αbd+1(n + 1)

αd (n + 1)
≤
(
bd + 1

d − 1

)n



Îò α ê β

(
bd − 1

d + 1

)n

≤ αbd(n + 1)

αd+1(n + 1)
≤ bn ≤ αbd+1(n + 1)

αd (n + 1)
≤
(
bd + 1

d − 1

)n

a = bn ⇐⇒ αbd (n + 1)

αd+1(n + 1)
≤ a ≤ αbd+1(n + 1)

αd (n + 1)
≤ αbd (n + 1)

αd+1(n + 1)
+

1

2



Îò α ê β

(
bd − 1

d + 1

)n

≤ αbd(n + 1)

αd+1(n + 1)
≤ bn ≤ αbd+1(n + 1)

αd (n + 1)
≤
(
bd + 1

d − 1

)n

a = bn ⇐⇒ αbd (n + 1)

αd+1(n + 1)
≤ a ≤ αbd+1(n + 1)

αd (n + 1)
≤ αbd (n + 1)

αd+1(n + 1)
+

1

2



Ìàòðèöû

(
a11 a12
a21 a22

)

(
a11 a12
a21 a22

)
+

(
b11 b12
b21 b22

)
=

(
a11 + b11 a12 + b12
a21 + b21 a22 + b22

)
(
a11 a12
a21 a22

)(
b11 b12
b21 b22

)
=

(
a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b12 + a22b22

)

E =

(
1 0

0 1

)

EB = BE = B



Ìàòðèöû

(
a11 a12
a21 a22

)
(
a11 a12
a21 a22

)
+

(
b11 b12
b21 b22

)
=

(
a11 + b11 a12 + b12
a21 + b21 a22 + b22

)

(
a11 a12
a21 a22

)(
b11 b12
b21 b22

)
=

(
a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b12 + a22b22

)

E =

(
1 0

0 1

)

EB = BE = B



Ìàòðèöû

(
a11 a12
a21 a22

)
(
a11 a12
a21 a22

)
+

(
b11 b12
b21 b22

)
=

(
a11 + b11 a12 + b12
a21 + b21 a22 + b22

)
(
a11 a12
a21 a22

)(
b11 b12
b21 b22

)
=

(
a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b12 + a22b22

)

E =

(
1 0

0 1

)

EB = BE = B



Ìàòðèöû

(
a11 a12
a21 a22

)
(
a11 a12
a21 a22

)
+

(
b11 b12
b21 b22

)
=

(
a11 + b11 a12 + b12
a21 + b21 a22 + b22

)
(
a11 a12
a21 a22

)(
b11 b12
b21 b22

)
=

(
a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b12 + a22b22

)

E =

(
1 0

0 1

)

EB = BE = B



Ìàòðèöû

(
a11 a12
a21 a22

)
(
a11 a12
a21 a22

)
+

(
b11 b12
b21 b22

)
=

(
a11 + b11 a12 + b12
a21 + b21 a22 + b22

)
(
a11 a12
a21 a22

)(
b11 b12
b21 b22

)
=

(
a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b12 + a22b22

)

E =

(
1 0

0 1

)

EB = BE = B



Îïðåäåëèòåëè

det

(
a11 a12
a21 a22

)
= a11a22 − a12a21

det(AB) = det(A) det(B)



Îïðåäåëèòåëè

det

(
a11 a12
a21 a22

)
= a11a22 − a12a21

det(AB) = det(A) det(B)



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(

1 0

0 1

)

= E



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(

1 0

0 1

)

= E



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(

1 0

0 1

)

= E



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(
αb(1)

1

− αb(0)

0

αb(0)

0

− αb(−1)

1

)

= E



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(
1 − αb(0)

0

αb(0)

0

− αb(−1)

1

)

= E



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(
1 0

αb(0)

0

− αb(−1)

1

)

= E



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(
1 0

0 − αb(−1)

1

)

= E



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(
1 0

0 − αb(−1)

1

)

= E



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(
1 0

0 − αb(−1)

1

)

= E



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(
1 0

0 1

)

= E



Ìàòðè÷íîå ïðåäñòàâëåíèå

αb(0) = 0 αb(1) = 1 αb(n + 2) = bαb(n + 1)− αb(n)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(0) =

(
1 0

0 1

)
= E



Ìàòðè÷íîå ðåêóððåíòíîå ñîîòíîøåíèå ïåðâîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 1) = bαb(n)− αb(n − 1)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(n + 1) =

(
αb(n + 2) −αb(n + 1)
αb(n + 1) −αb(n)

)
=

(
bαb(n + 1)− α(n) −αb(n + 1)
bαb(n)− α(n − 1) −αb(n)

)
=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
b −1
1 0

)
= Ab(n)Ψb

Ψb =

(
b −1
1 0

)



Ìàòðè÷íîå ðåêóððåíòíîå ñîîòíîøåíèå ïåðâîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 1) = bαb(n)− αb(n − 1)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(n + 1) =

(
αb(n + 2) −αb(n + 1)
αb(n + 1) −αb(n)

)

=

(
bαb(n + 1)− α(n) −αb(n + 1)
bαb(n)− α(n − 1) −αb(n)

)
=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
b −1
1 0

)
= Ab(n)Ψb

Ψb =

(
b −1
1 0

)



Ìàòðè÷íîå ðåêóððåíòíîå ñîîòíîøåíèå ïåðâîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 1) = bαb(n)− αb(n − 1)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(n + 1) =

(
αb(n + 2) −αb(n + 1)
αb(n + 1) −αb(n)

)
=

(
bαb(n + 1)− α(n) −αb(n + 1)
bαb(n)− α(n − 1) −αb(n)

)

=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
b −1
1 0

)
= Ab(n)Ψb

Ψb =

(
b −1
1 0

)



Ìàòðè÷íîå ðåêóððåíòíîå ñîîòíîøåíèå ïåðâîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 1) = bαb(n)− αb(n − 1)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(n + 1) =

(
αb(n + 2) −αb(n + 1)
αb(n + 1) −αb(n)

)
=

(
bαb(n + 1)− α(n) −αb(n + 1)
bαb(n)− α(n − 1) −αb(n)

)
=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
b −1
1 0

)
= Ab(n)Ψb

Ψb =

(
b −1
1 0

)



Ìàòðè÷íîå ðåêóððåíòíîå ñîîòíîøåíèå ïåðâîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 1) = bαb(n)− αb(n − 1)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(n + 1) =

(
αb(n + 2) −αb(n + 1)
αb(n + 1) −αb(n)

)
=

(
bαb(n + 1)− α(n) −αb(n + 1)
bαb(n)− α(n − 1) −αb(n)

)
=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
b −1
1 0

)
= Ab(n)Ψb

Ψb =

(
b −1
1 0

)



Ìàòðè÷íîå ðåêóððåíòíîå ñîîòíîøåíèå ïåðâîãî ïîðÿäêà

αb(0) = 0 αb(1) = 1 αb(n + 1) = bαb(n)− αb(n − 1)

Ab(n) =

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)

Ab(n + 1) =

(
αb(n + 2) −αb(n + 1)
αb(n + 1) −αb(n)

)
=

(
bαb(n + 1)− α(n) −αb(n + 1)
bαb(n)− α(n − 1) −αb(n)

)
=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
b −1
1 0

)
= Ab(n)Ψb

Ψb =

(
b −1
1 0

)



Ìàòðè÷íîå ðåêóððåíòíîå ñîîòíîøåíèå ïåðâîãî ïîðÿäêà

Ψb =

(
b −1
1 0

)
Ab(n + 1) = Ab(n)Ψ

Ab(n) = Ab(0)Ψn
b = Ψn

b



Ìàòðè÷íîå ðåêóððåíòíîå ñîîòíîøåíèå ïåðâîãî ïîðÿäêà

Ψb =

(
b −1
1 0

)
Ab(n + 1) = Ab(n)Ψ

Ab(n) =

Ab(0)Ψn
b = Ψn

b



Ìàòðè÷íîå ðåêóððåíòíîå ñîîòíîøåíèå ïåðâîãî ïîðÿäêà

Ψb =

(
b −1
1 0

)
Ab(n + 1) = Ab(n)Ψ

Ab(n) = Ab(0)Ψn
b

= Ψn
b



Ìàòðè÷íîå ðåêóððåíòíîå ñîîòíîøåíèå ïåðâîãî ïîðÿäêà

Ψb =

(
b −1
1 0

)
Ab(n + 1) = Ab(n)Ψ

Ab(n) = Ab(0)Ψn
b = Ψn

b



Îïðåäåëèòåëü

Ψb =

(
b −1
1 0

)

Ab(n) = Ψn
b

det(Ab(n)) = det(Ψn
b) = (detΨb)n = 1n = 1

α2b(n)− αb(n + 1)αb(n − 1) = 1



Îïðåäåëèòåëü

Ψb =

(
b −1
1 0

)
Ab(n) = Ψn

b

det(Ab(n)) = det(Ψn
b) = (detΨb)n = 1n = 1

α2b(n)− αb(n + 1)αb(n − 1) = 1



Îïðåäåëèòåëü

Ψb =

(
b −1
1 0

)
Ab(n) = Ψn

b

det(Ab(n))

= det(Ψn
b) = (detΨb)n = 1n = 1

α2b(n)− αb(n + 1)αb(n − 1) = 1



Îïðåäåëèòåëü

Ψb =

(
b −1
1 0

)
Ab(n) = Ψn

b

det(Ab(n)) = det(Ψn
b)

= (detΨb)n = 1n = 1

α2b(n)− αb(n + 1)αb(n − 1) = 1



Îïðåäåëèòåëü

Ψb =

(
b −1
1 0

)
Ab(n) = Ψn

b

det(Ab(n)) = det(Ψn
b) = (detΨb)n

= 1n = 1

α2b(n)− αb(n + 1)αb(n − 1) = 1



Îïðåäåëèòåëü

Ψb =

(
b −1
1 0

)
Ab(n) = Ψn

b

det(Ab(n)) = det(Ψn
b) = (detΨb)n = 1n

= 1

α2b(n)− αb(n + 1)αb(n − 1) = 1



Îïðåäåëèòåëü

Ψb =

(
b −1
1 0

)
Ab(n) = Ψn

b

det(Ab(n)) = det(Ψn
b) = (detΨb)n = 1n = 1

α2b(n)− αb(n + 1)αb(n − 1) = 1



Îïðåäåëèòåëü

Ψb =

(
b −1
1 0

)
Ab(n) = Ψn

b

det(Ab(n)) = det(Ψn
b) = (detΨb)n = 1n = 1

α2b(n)− αb(n + 1)αb(n − 1) = 1



Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

α2b(n)− αb(n + 1)αb(n − 1) = 1

αb(n + 1) = bαb(n)− αb(n − 1)

α2b(n)− αb(n + 1)αb(n − 1) =α2b(n + 1)− bαb(n + 1)αb(n) + α2b(n)

=α2b(n − 1)− bαb(n − 1)αb(n) + α2b(n)

=1

x2 − bxy + y2 = 1

{
x = αb(n + 1)
y = αb(n)

{
x = αb(n − 1)
y = αb(n)



Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

α2b(n)− αb(n + 1)αb(n − 1) = 1

αb(n + 1) = bαb(n)− αb(n − 1)

α2b(n)− αb(n + 1)αb(n − 1) =α2b(n + 1)− bαb(n + 1)αb(n) + α2b(n)

=α2b(n − 1)− bαb(n − 1)αb(n) + α2b(n)

=1

x2 − bxy + y2 = 1

{
x = αb(n + 1)
y = αb(n)

{
x = αb(n − 1)
y = αb(n)



Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

α2b(n)− αb(n + 1)αb(n − 1) = 1

αb(n + 1) = bαb(n)− αb(n − 1)

α2b(n)− αb(n + 1)αb(n − 1)

=α2b(n + 1)− bαb(n + 1)αb(n) + α2b(n)

=α2b(n − 1)− bαb(n − 1)αb(n) + α2b(n)

=1

x2 − bxy + y2 = 1

{
x = αb(n + 1)
y = αb(n)

{
x = αb(n − 1)
y = αb(n)



Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

α2b(n)− αb(n + 1)αb(n − 1) = 1

αb(n + 1) = bαb(n)− αb(n − 1)

α2b(n)− αb(n + 1)αb(n − 1) =α2b(n + 1)− bαb(n + 1)αb(n) + α2b(n)

=α2b(n − 1)− bαb(n − 1)αb(n) + α2b(n)

=1

x2 − bxy + y2 = 1

{
x = αb(n + 1)
y = αb(n)

{
x = αb(n − 1)
y = αb(n)



Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

α2b(n)− αb(n + 1)αb(n − 1) = 1

αb(n + 1) = bαb(n)− αb(n − 1)

α2b(n)− αb(n + 1)αb(n − 1) =α2b(n + 1)− bαb(n + 1)αb(n) + α2b(n)

=α2b(n − 1)− bαb(n − 1)αb(n) + α2b(n)

=1

x2 − bxy + y2 = 1

{
x = αb(n + 1)
y = αb(n)

{
x = αb(n − 1)
y = αb(n)



Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

α2b(n)− αb(n + 1)αb(n − 1) = 1

αb(n + 1) = bαb(n)− αb(n − 1)

α2b(n)− αb(n + 1)αb(n − 1) =α2b(n + 1)− bαb(n + 1)αb(n) + α2b(n)

=α2b(n − 1)− bαb(n − 1)αb(n) + α2b(n)

=1

x2 − bxy + y2 = 1

{
x = αb(n + 1)
y = αb(n)

{
x = αb(n − 1)
y = αb(n)



Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

α2b(n)− αb(n + 1)αb(n − 1) = 1

αb(n + 1) = bαb(n)− αb(n − 1)

α2b(n)− αb(n + 1)αb(n − 1) =α2b(n + 1)− bαb(n + 1)αb(n) + α2b(n)

=α2b(n − 1)− bαb(n − 1)αb(n) + α2b(n)

=1

x2 − bxy + y2 = 1

{
x = αb(n + 1)
y = αb(n)

{
x = αb(n − 1)
y = αb(n)



Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

α2b(n)− αb(n + 1)αb(n − 1) = 1

αb(n + 1) = bαb(n)− αb(n − 1)

α2b(n)− αb(n + 1)αb(n − 1) =α2b(n + 1)− bαb(n + 1)αb(n) + α2b(n)

=α2b(n − 1)− bαb(n − 1)αb(n) + α2b(n)

=1

x2 − bxy + y2 = 1

{
x = αb(n + 1)
y = αb(n)

{
x = αb(n − 1)
y = αb(n)



Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

Ëåììà. Åñëè x2− bxy + y2 = 1, òî íàéäåòñÿ ÷èñëî n òàêîå, ÷òî{
x = αb(n + 1)
y = αb(n)

èëè æå

{
x = αb(n)
y = αb(n + 1)

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).



Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

Ëåììà. Åñëè x2− bxy + y2 = 1, òî íàéäåòñÿ ÷èñëî n òàêîå, ÷òî{
x = αb(n + 1)
y = αb(n)

èëè æå

{
x = αb(n)
y = αb(n + 1)

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).



Èíäóêöèÿ ïî y : ñëó÷àé y = 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

x2 = 1, ñëåäîâàòåëüíî x = 1. Ïîëàãàÿ n = 0, èìååì

x = 1 = αb(1) = αb(n + 1)

y = 0 = αb(0) = αb(n)



Èíäóêöèÿ ïî y : ñëó÷àé y = 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

x2 = 1

, ñëåäîâàòåëüíî x = 1. Ïîëàãàÿ n = 0, èìååì

x = 1 = αb(1) = αb(n + 1)

y = 0 = αb(0) = αb(n)



Èíäóêöèÿ ïî y : ñëó÷àé y = 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

x2 = 1, ñëåäîâàòåëüíî x = 1.

Ïîëàãàÿ n = 0, èìååì

x = 1 = αb(1) = αb(n + 1)

y = 0 = αb(0) = αb(n)



Èíäóêöèÿ ïî y : ñëó÷àé y = 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

x2 = 1, ñëåäîâàòåëüíî x = 1. Ïîëàãàÿ n = 0, èìååì

x = 1 = αb(1) = αb(n + 1)

y = 0 = αb(0) = αb(n)



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

n − 1

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

αb(n − 1) = bαb(n)− αb(n + 1)



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

y − 1

n − 1

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

αb(n − 1) = bαb(n)− αb(n + 1)



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

n − 1

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

αb(n − 1) = bαb(n)− αb(n + 1)



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

n − 1

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

αb(n − 1) = bαb(n)− αb(n + 1)



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

n − 1

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1),

y = αb(n), x = αb(n + 1)

αb(n − 1) = bαb(n)− αb(n + 1)



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

n − 1

Ìû îæèäàåì, ÷òî

by − x =

αb(n − 1), y = αb(n), x = αb(n + 1)

αb(n − 1) = bαb(n)− αb(n + 1)



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

n − 1

Ìû îæèäàåì, ÷òî

by − x =

αb(n − 1), y = αb(n), x = αb(n + 1)

αb(n − 1) = bαb(n)− αb(n + 1)



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

n − 1

Ìû îæèäàåì, ÷òî

by − x =

αb(n − 1), y = αb(n), x = αb(n + 1)

αb(n − 1) = bαb(n)− αb(n + 1)



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

n − 1

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

αb(n − 1) = bαb(n)− αb(n + 1)



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

by − x
?
≥ 0

x = by +
1− y2

x
≤ by z = by − x

Ìû çíàåì, ÷òî 0 ≤ z = by − x



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

by − x
?
≥ 0

x = by +
1− y2

x
≤ by z = by − x

Ìû çíàåì, ÷òî 0 ≤ z = by − x



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

by − x
?
≥ 0

x = by +
1− y2

x

≤ by z = by − x

Ìû çíàåì, ÷òî 0 ≤ z = by − x



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

by − x
?
≥ 0

x = by +
1− y2

x
≤ by z = by − x

Ìû çíàåì, ÷òî 0 ≤ z = by − x



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

by − x
?
≥ 0

x = by +
1− y2

x
≤ by z = by − x

Ìû çíàåì, ÷òî 0 ≤ z = by − x



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

z
?
≤ y

x = by +
1

x
− y2

x

> by − y2

y

= by − y

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

z
?
≤ y

x = by +
1

x
− y2

x

> by − y2

y

= by − y

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

z
?
≤ y

x = by +
1

x
− y2

x

> by − y2

y

= by − y

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

z
?
≤ y

x = by +
1

x
− y2

x

> by − y2

y

= by − y

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

z
?
≤ y

x = by +
1

x
− y2

x

> by − y2

y

= by − y

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

y2 − byz + z2
?
= 1

y2 − byz + z2 = y2 − by(by − x) + (by − x)2

= x2 − bxy + y2

= 1

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

y2 − byz + z2
?
= 1

y2 − byz + z2 = y2 − by(by − x) + (by − x)2

= x2 − bxy + y2

= 1

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

y2 − byz + z2
?
= 1

y2 − byz + z2

= y2 − by(by − x) + (by − x)2

= x2 − bxy + y2

= 1

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

y2 − byz + z2
?
= 1

y2 − byz + z2 = y2 − by(by − x) + (by − x)2

= x2 − bxy + y2

= 1

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

y2 − byz + z2
?
= 1

y2 − byz + z2 = y2 − by(by − x) + (by − x)2

= x2 − bxy + y2

= 1

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

y2 − byz + z2
?
= 1

y2 − byz + z2 = y2 − by(by − x) + (by − x)2

= x2 − bxy + y2

= 1

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1), y = αb(n), x = αb(n + 1)

y2 − byz + z2
?
= 1

y2 − byz + z2 = y2 − by(by − x) + (by − x)2

= x2 − bxy + y2

= 1

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1) y = αb(n) x = αb(n + 1)

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1

Ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ ñóùåñòâóåò m òàêîå, ÷òî

y = αb(m + 1), z = αb(m)

x = by − z = bαb(m + 1)− αb(m) = αb(m + 2)

n = m + 1



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1) y = αb(n) x = αb(n + 1)

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1

Ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ ñóùåñòâóåò m òàêîå, ÷òî

y = αb(m + 1), z = αb(m)

x = by − z = bαb(m + 1)− αb(m) = αb(m + 2)

n = m + 1



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1) y = αb(n) x = αb(n + 1)

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1

Ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ ñóùåñòâóåò m òàêîå, ÷òî

y = αb(m + 1), z = αb(m)

x = by − z = bαb(m + 1)− αb(m) = αb(m + 2)

n = m + 1



Èíäóêöèÿ ïî y : ñëó÷àé y > 0

Ëåììà. Åñëè x2 − bxy + y2 = 1 è y ≤ x, òî íàéäåòñÿ ÷èñëî n

òàêîå, ÷òî x = αb(n + 1), y = αb(n).

Ìû îæèäàåì, ÷òî

z = by − x = αb(n − 1) y = αb(n) x = αb(n + 1)

Ìû çíàåì, ÷òî 0 ≤ z = by − x < y , y2 − byz + z2 = 1

Ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ ñóùåñòâóåò m òàêîå, ÷òî

y = αb(m + 1), z = αb(m)

x = by − z = bαb(m + 1)− αb(m) = αb(m + 2)

n = m + 1



Äèîôàíòîâî ïðåäñòàâëåíèå ìíîæåñòâà ÷èñåë αb

Ñëåäñòâèå ëåììû:

x ∈Mb ⇐⇒ x ∈ {0, 1, b, . . . , αb(n), . . . }

⇐⇒ ∃y{x2 − bxy + y2 = 1}

Òðåáóåòñÿ:

〈x , k〉 ∈ Nb ⇐⇒ x = αb(k)

⇐⇒ ?



Äèîôàíòîâî ïðåäñòàâëåíèå ìíîæåñòâà ÷èñåë αb

Ñëåäñòâèå ëåììû:

x ∈Mb ⇐⇒ x ∈ {0, 1, b, . . . , αb(n), . . . }
⇐⇒ ∃y{x2 − bxy + y2 = 1}

Òðåáóåòñÿ:

〈x , k〉 ∈ Nb ⇐⇒ x = αb(k)

⇐⇒ ?



Äèîôàíòîâî ïðåäñòàâëåíèå ìíîæåñòâà ÷èñåë αb

Ñëåäñòâèå ëåììû:

x ∈Mb ⇐⇒ x ∈ {0, 1, b, . . . , αb(n), . . . }
⇐⇒ ∃y{x2 − bxy + y2 = 1}

Òðåáóåòñÿ:

〈x , k〉 ∈ Nb ⇐⇒ x = αb(k)

⇐⇒ ?



Äèîôàíòîâî ïðåäñòàâëåíèå ìíîæåñòâà ÷èñåë αb

Ñëåäñòâèå ëåììû:

x ∈Mb ⇐⇒ x ∈ {0, 1, b, . . . , αb(n), . . . }
⇐⇒ ∃y{x2 − bxy + y2 = 1}

Òðåáóåòñÿ:

〈x , k〉 ∈ Nb ⇐⇒ x = αb(k)

⇐⇒ ?



Äèîôàíòîâî ïðåäñòàâëåíèå ìíîæåñòâà ÷èñåë αb

Ñëåäñòâèå ëåììû:

x ∈Mb ⇐⇒ x ∈ {0, 1, b, . . . , αb(n), . . . }
⇐⇒ ∃y{x2 − bxy + y2 = 1}

Òðåáóåòñÿ:

〈x , k〉 ∈ Nb ⇐⇒ x = αb(k)

⇐⇒ ?



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

Äîêàçàòåëüñòâî.

m = n + k`, 0 ≤ n < k

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
= Ψm

b

= Ψn+k`
b

= Ψn
b(Ψk

b)`

= Ab(n)A`
b(k)

=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) −αb(k)
αb(k) −αb(k − 1)

)`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

Äîêàçàòåëüñòâî.

m = n + k`, 0 ≤ n < k

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
= Ψm

b

= Ψn+k`
b

= Ψn
b(Ψk

b)`

= Ab(n)A`
b(k)

=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) −αb(k)
αb(k) −αb(k − 1)

)`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

Äîêàçàòåëüñòâî.

m = n + k`, 0 ≤ n < k

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)

= Ψm
b

= Ψn+k`
b

= Ψn
b(Ψk

b)`

= Ab(n)A`
b(k)

=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) −αb(k)
αb(k) −αb(k − 1)

)`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

Äîêàçàòåëüñòâî.

m = n + k`, 0 ≤ n < k

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
= Ψm

b

= Ψn+k`
b

= Ψn
b(Ψk

b)`

= Ab(n)A`
b(k)

=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) −αb(k)
αb(k) −αb(k − 1)

)`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

Äîêàçàòåëüñòâî.

m = n + k`, 0 ≤ n < k

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
= Ψm

b

= Ψn+k`
b

= Ψn
b(Ψk

b)`

= Ab(n)A`
b(k)

=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) −αb(k)
αb(k) −αb(k − 1)

)`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

Äîêàçàòåëüñòâî.

m = n + k`, 0 ≤ n < k

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
= Ψm

b

= Ψn+k`
b

= Ψn
b(Ψk

b)`

= Ab(n)A`
b(k)

=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) −αb(k)
αb(k) −αb(k − 1)

)`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

Äîêàçàòåëüñòâî.

m = n + k`, 0 ≤ n < k

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
= Ψm

b

= Ψn+k`
b

= Ψn
b(Ψk

b)`

= Ab(n)A`
b(k)

=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) −αb(k)
αb(k) −αb(k − 1)

)`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

Äîêàçàòåëüñòâî.

m = n + k`, 0 ≤ n < k

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
= Ψm

b

= Ψn+k`
b

= Ψn
b(Ψk

b)`

= Ab(n)A`
b(k)

=

(
αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) −αb(k)
αb(k) −αb(k − 1)

)`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡(

αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) 0

0 −αb(k − 1)

)`

(mod αb(k)),

αb(m) ≡ αb(n)α`
b(k + 1) (mod αb(k))

αb(k) | αb(n)

m = n + k`, 0 ≤ n < k

n = 0 m = k`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡(

αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) 0

0 −αb(k − 1)

)`

(mod αb(k)),

αb(m) ≡ αb(n)α`
b(k + 1) (mod αb(k))

αb(k) | αb(n)

m = n + k`, 0 ≤ n < k

n = 0 m = k`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡(

αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) 0

0 −αb(k − 1)

)`

(mod αb(k)),

αb(m) ≡ αb(n)α`
b(k + 1) (mod αb(k))

αb(k) | αb(n)

m = n + k`, 0 ≤ n < k

n = 0 m = k`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡(

αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) 0

0 −αb(k − 1)

)`

(mod αb(k)),

αb(m) ≡ αb(n)α`
b(k + 1) (mod αb(k))

αb(k) | αb(n)

m = n + k`, 0 ≤ n < k

n = 0 m = k`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡(

αb(n + 1) −αb(n)
αb(n) −αb(n − 1)

)(
αb(k + 1) 0

0 −αb(k − 1)

)`

(mod αb(k)),

αb(m) ≡ αb(n)α`
b(k + 1) (mod αb(k))

αb(k) | αb(n)

m = n + k`, 0 ≤ n < k

n = 0 m = k`



Ñâîéñòâà äåëèìîñòè

Ab(m) = A`
b(k)

= [αb(k)Ψb − αb(k − 1)E ]`

=
∑̀
i=0

(−1)`−i
(
`

i

)
αi
b(k)α`−i

b (k − 1)Ψi
b

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡

≡ (−1)`α`
b(k−1)E + (−1)`−1`αb(k)α`−1

b (k−1)Ψb (mod α2b(k))

αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))



Ñâîéñòâà äåëèìîñòè

Ab(m) = A`
b(k)

= [αb(k)Ψb − αb(k − 1)E ]`

=
∑̀
i=0

(−1)`−i
(
`

i

)
αi
b(k)α`−i

b (k − 1)Ψi
b

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡

≡ (−1)`α`
b(k−1)E + (−1)`−1`αb(k)α`−1

b (k−1)Ψb (mod α2b(k))

αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))



Ñâîéñòâà äåëèìîñòè

Ab(m) = A`
b(k)

= [αb(k)Ψb − αb(k − 1)E ]`

=
∑̀
i=0

(−1)`−i
(
`

i

)
αi
b(k)α`−i

b (k − 1)Ψi
b

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡

≡ (−1)`α`
b(k−1)E + (−1)`−1`αb(k)α`−1

b (k−1)Ψb (mod α2b(k))

αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))



Ñâîéñòâà äåëèìîñòè

Ab(m) = A`
b(k)

= [αb(k)Ψb − αb(k − 1)E ]`

=
∑̀
i=0

(−1)`−i
(
`

i

)
αi
b(k)α`−i

b (k − 1)Ψi
b

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡

≡ (−1)`α`
b(k−1)E + (−1)`−1`αb(k)α`−1

b (k−1)Ψb (mod α2b(k))

αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))



Ñâîéñòâà äåëèìîñòè

Ab(m) = A`
b(k)

= [αb(k)Ψb − αb(k − 1)E ]`

=
∑̀
i=0

(−1)`−i
(
`

i

)
αi
b(k)α`−i

b (k − 1)Ψi
b

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡

≡ (−1)`α`
b(k−1)E + (−1)`−1`αb(k)α`−1

b (k−1)Ψb (mod α2b(k))

αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))

αb(k) | `α`−1
b (k − 1),

αb(k) | `

m = k`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))

αb(k) | `α`−1
b (k − 1),

αb(k) | `

m = k`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))

αb(k) | `α`−1
b (k − 1),

αb(k) | `

m = k`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))

αb(k) | `α`−1
b (k − 1),

αb(k) | `

m = k`



Ñâîéñòâà äåëèìîñòè

Ëåììà. α2b(k) | αb(m)⇒ kαb(k) | m

αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))

αb(k) | `α`−1
b (k − 1),

αb(k) | `

m = k`



Íîâûå ñâîéñòâà äåëèìîñòè

Ëåììà (äîêàçàííàÿ).

α2b(k) | αb(m)⇒ kαb(k) | m

Ëåììà (îáðàòíàÿ).

kαb(k) | m⇒ α2b(k) | αb(m)

m = k`⇒ αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))



Íîâûå ñâîéñòâà äåëèìîñòè

Ëåììà (äîêàçàííàÿ).

α2b(k) | αb(m)⇒ kαb(k) | m

Ëåììà (îáðàòíàÿ).

kαb(k) | m⇒ α2b(k) | αb(m)

m = k`⇒ αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))



Íîâûå ñâîéñòâà äåëèìîñòè

Ëåììà (äîêàçàííàÿ).

α2b(k) | αb(m)⇒ kαb(k) | m

Ëåììà (îáðàòíàÿ).

kαb(k) | m⇒ α2b(k) | αb(m)

m = k`⇒ αb(m) ≡ (−1)`−1`αb(k)α`−1
b (k − 1) (mod α2b(k))



Ñðàâíåíèå ïîñëåäîâàòåëüíîñòåé

αb′(0) = 0 αb′(1) = 1 αb′(n + 2) = b′αb′(n + 1)− αb′(n)

αb′′(0) = 0 αb′′(1) = 1 αb′′(n + 2) = b′′αb′′(n + 1)− αb′′(n)

b′′ ≡ b′ (mod b′ − b′′)

αb′′(n) ≡ αb′(n) (mod b′ − b′′)

rem(αb′′(n), b′ − b′′) = rem(αb′(n), b′ − b′′)

rem(αb′′(n), b′ − b′′) = αb′′(n) provided αb′′(n) < b′ − b′′

αb′′(n) = rem(αb′(n), b′ − b′′) provided αb′′(n) < b′ − b′′



Ñðàâíåíèå ïîñëåäîâàòåëüíîñòåé

αb′(0) = 0 αb′(1) = 1 αb′(n + 2) = b′αb′(n + 1)− αb′(n)

αb′′(0) = 0 αb′′(1) = 1 αb′′(n + 2) = b′′αb′′(n + 1)− αb′′(n)

b′′ ≡ b′ (mod b′ − b′′)

αb′′(n) ≡ αb′(n) (mod b′ − b′′)

rem(αb′′(n), b′ − b′′) = rem(αb′(n), b′ − b′′)

rem(αb′′(n), b′ − b′′) = αb′′(n) provided αb′′(n) < b′ − b′′

αb′′(n) = rem(αb′(n), b′ − b′′) provided αb′′(n) < b′ − b′′



Ñðàâíåíèå ïîñëåäîâàòåëüíîñòåé

αb′(0) = 0 αb′(1) = 1 αb′(n + 2) = b′αb′(n + 1)− αb′(n)

αb′′(0) = 0 αb′′(1) = 1 αb′′(n + 2) = b′′αb′′(n + 1)− αb′′(n)

b′′ ≡ b′ (mod b′ − b′′)

αb′′(n) ≡ αb′(n) (mod b′ − b′′)

rem(αb′′(n), b′ − b′′) = rem(αb′(n), b′ − b′′)

rem(αb′′(n), b′ − b′′) = αb′′(n) provided αb′′(n) < b′ − b′′

αb′′(n) = rem(αb′(n), b′ − b′′) provided αb′′(n) < b′ − b′′



Ñðàâíåíèå ïîñëåäîâàòåëüíîñòåé

αb′(0) = 0 αb′(1) = 1 αb′(n + 2) = b′αb′(n + 1)− αb′(n)

αb′′(0) = 0 αb′′(1) = 1 αb′′(n + 2) = b′′αb′′(n + 1)− αb′′(n)

b′′ ≡ b′ (mod b′ − b′′)

αb′′(n) ≡ αb′(n) (mod b′ − b′′)

rem(αb′′(n), b′ − b′′) = rem(αb′(n), b′ − b′′)

rem(αb′′(n), b′ − b′′) = αb′′(n) provided αb′′(n) < b′ − b′′

αb′′(n) = rem(αb′(n), b′ − b′′) provided αb′′(n) < b′ − b′′



Ñðàâíåíèå ïîñëåäîâàòåëüíîñòåé

αb′(0) = 0 αb′(1) = 1 αb′(n + 2) = b′αb′(n + 1)− αb′(n)

αb′′(0) = 0 αb′′(1) = 1 αb′′(n + 2) = b′′αb′′(n + 1)− αb′′(n)

b′′ ≡ b′ (mod b′ − b′′)

αb′′(n) ≡ αb′(n) (mod b′ − b′′)

rem(αb′′(n), b′ − b′′) = rem(αb′(n), b′ − b′′)

rem(αb′′(n), b′ − b′′) = αb′′(n) provided αb′′(n) < b′ − b′′

αb′′(n) = rem(αb′(n), b′ − b′′) provided αb′′(n) < b′ − b′′



Ñðàâíåíèå ïîñëåäîâàòåëüíîñòåé

αb′(0) = 0 αb′(1) = 1 αb′(n + 2) = b′αb′(n + 1)− αb′(n)

αb′′(0) = 0 αb′′(1) = 1 αb′′(n + 2) = b′′αb′′(n + 1)− αb′′(n)

b′′ ≡ b′ (mod b′ − b′′)

αb′′(n) ≡ αb′(n) (mod b′ − b′′)

rem(αb′′(n), b′ − b′′) = rem(αb′(n), b′ − b′′)

rem(αb′′(n), b′ − b′′) = αb′′(n) provided αb′′(n) < b′ − b′′

αb′′(n) = rem(αb′(n), b′ − b′′) provided αb′′(n) < b′ − b′′



Ñðàâíåíèå ïîñëåäîâàòåëüíîñòåé

αb′(0) = 0 αb′(1) = 1 αb′(n + 2) = b′αb′(n + 1)− αb′(n)

αb′′(0) = 0 αb′′(1) = 1 αb′′(n + 2) = b′′αb′′(n + 1)− αb′′(n)

b′′ ≡ b′ (mod b′ − b′′)

αb′′(n) ≡ αb′(n) (mod b′ − b′′)

rem(αb′′(n), b′ − b′′) = rem(αb′(n), b′ − b′′)

rem(αb′′(n), b′ − b′′) = αb′′(n) provided αb′′(n) < b′ − b′′

αb′′(n) = rem(αb′(n), b′ − b′′) provided αb′′(n) < b′ − b′′



Ñðàâíåíèå ïîñëåäîâàòåëüíîñòåé

αb′(0) = 0 αb′(1) = 1 αb′(n + 2) = b′αb′(n + 1)− αb′(n)

αb′′(0) = 0 αb′′(1) = 1 αb′′(n + 2) = b′′αb′′(n + 1)− αb′′(n)

b′′ ≡ b′ (mod b′ − b′′)

αb′′(n) ≡ αb′(n) (mod b′ − b′′)

rem(αb′′(n), b′ − b′′) = rem(αb′(n), b′ − b′′)

rem(αb′′(n), b′ − b′′) = αb′′(n) provided αb′′(n) < b′ − b′′

αb′′(n) = rem(αb′(n), b′ − b′′) provided αb′′(n) < b′ − b′′



Ïåðâûé øàã

〈x , k〉 ∈ Nb ⇐⇒ x = αb(k)

〈x , k〉 ∈ Nb ⇐⇒ ∃n{x = αb(n) && k = α2(n)}

α2(n) = n



Ïåðâûé øàã

〈x , k〉 ∈ Nb ⇐⇒ x = αb(k)

〈x , k〉 ∈ Nb ⇐⇒ ∃n{x = αb(n) && k = α2(n)}

α2(n) = n



Ïåðâûé øàã

〈x , k〉 ∈ Nb ⇐⇒ x = αb(k)

〈x , k〉 ∈ Nb ⇐⇒ ∃n{x = αb(n) && k = α2(n)}

α2(n) = n



Ôóíêöèÿ arem

z = rem(y , x) ⇐⇒ y ≡ z (mod x) && z ≤ x − 1

z = arem(y , x) ⇐⇒
(
y ≡ z (mod x) or y ≡ −z (mod x)

)
&& 2z ≤ x



Ôóíêöèÿ arem

z = rem(y , x) ⇐⇒ y ≡ z (mod x) && z ≤ x − 1

z = arem(y , x) ⇐⇒
(
y ≡ z (mod x) or y ≡ −z (mod x)

)
&& 2z ≤ x



Ñðàâíåíèå ïîñëåäîâàòåëüíîñòåé

αb′′(n) ≡ αb′(n) (mod b′ − b′′)

αb′′(n) = rem(αb′(n), b′ − b′′) provided αb′′(n) < b′ − b′′

αb′′(n) = arem(αb′(n), b′ − b′′) provided 2αb′′(n) ≤ b′ − b′′



Ñðàâíåíèå ïîñëåäîâàòåëüíîñòåé

αb′′(n) ≡ αb′(n) (mod b′ − b′′)

αb′′(n) = rem(αb′(n), b′ − b′′) provided αb′′(n) < b′ − b′′

αb′′(n) = arem(αb′(n), b′ − b′′) provided 2αb′′(n) ≤ b′ − b′′



Âòîðîé øàã

〈x , k〉 ∈ Nb ⇐⇒ ∃n{x = αb(n) && k = α2(n)}

〈x , k〉 ∈ Nb ⇐⇒ ∃y{x = αb(n) && k = arem(x , b − 2)}
provided 2n ≤ b − 2



Âòîðîé øàã

〈x , k〉 ∈ Nb ⇐⇒ ∃n{x = αb(n) && k = α2(n)}

〈x , k〉 ∈ Nb ⇐⇒ ∃y{x = αb(n) && k = arem(x , b − 2)}
provided 2n ≤ b − 2



Âòîðîé øàã

〈x , k〉 ∈ Nb ⇐⇒ ∃n{x = αb(n) && k = α2(n)}

〈x , k〉 ∈ Nb ⇐⇒ ∃y{x = αb(n) && k = arem(x , b − 2)}
provided 2n ≤ b − 2



Òðåòèé øàã

〈x , k〉 ∈ Nb ⇐⇒ ∃y{x = αb(n) && k = arem(x , b − 2)}
provided 2n ≤ b − 2

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X ,B − b) && k = arem(X ,B − 2)}
provided 2αb(n) ≤ B − b && 2n ≤ B − 2



Òðåòèé øàã

〈x , k〉 ∈ Nb ⇐⇒ ∃y{x = αb(n) && k = arem(x , b − 2)}
provided 2n ≤ b − 2

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X ,B − b) && k = arem(X ,B − 2)}
provided 2αb(n) ≤ B − b && 2n ≤ B − 2



Ïåðèîäè÷íîñòü

αb(0), αb(1), . . . , αb(n), . . .

αb(0) (mod v), αb(1) (mod v), . . . , αb(n) (mod v), . . .

αb(m − 1) ≡ αb(m − 1 + p) (mod v)

αb(m) ≡ αb(m + p) (mod v)

αb(m + 1) ≡ αb(m + 1 + p) (mod v)

αb(m + 2) ≡ αb(m + 2 + p) (mod v)

αb(m + 3) ≡ αb(m + 3 + p) (mod v)

αb(n) ≡ αb(n + p) (mod v)

αb(n + 2) = bαb(n + 1)− αb(n)

αb(n − 1) = bαb(n)− αb(n + 1)



Ïåðèîäè÷íîñòü

αb(0), αb(1), . . . , αb(n), . . .

αb(0) (mod v), αb(1) (mod v), . . . , αb(n) (mod v), . . .

αb(m − 1) ≡ αb(m − 1 + p) (mod v)

αb(m) ≡ αb(m + p) (mod v)

αb(m + 1) ≡ αb(m + 1 + p) (mod v)

αb(m + 2) ≡ αb(m + 2 + p) (mod v)

αb(m + 3) ≡ αb(m + 3 + p) (mod v)

αb(n) ≡ αb(n + p) (mod v)

αb(n + 2) = bαb(n + 1)− αb(n)

αb(n − 1) = bαb(n)− αb(n + 1)



Ïåðèîäè÷íîñòü

αb(0), αb(1), . . . , αb(n), . . .

αb(0) (mod v), αb(1) (mod v), . . . , αb(n) (mod v), . . .

αb(m − 1) ≡ αb(m − 1 + p) (mod v)

αb(m) ≡ αb(m + p) (mod v)

αb(m + 1) ≡ αb(m + 1 + p) (mod v)

αb(m + 2) ≡ αb(m + 2 + p) (mod v)

αb(m + 3) ≡ αb(m + 3 + p) (mod v)

αb(n) ≡ αb(n + p) (mod v)

αb(n + 2) = bαb(n + 1)− αb(n)

αb(n − 1) = bαb(n)− αb(n + 1)



Ïåðèîäè÷íîñòü

αb(0), αb(1), . . . , αb(n), . . .

αb(0) (mod v), αb(1) (mod v), . . . , αb(n) (mod v), . . .

αb(m − 1) ≡ αb(m − 1 + p) (mod v)

αb(m) ≡ αb(m + p) (mod v)

αb(m + 1) ≡ αb(m + 1 + p) (mod v)

αb(m + 2) ≡ αb(m + 2 + p) (mod v)

αb(m + 3) ≡ αb(m + 3 + p) (mod v)

αb(n) ≡ αb(n + p) (mod v)

αb(n + 2) = bαb(n + 1)− αb(n)

αb(n − 1) = bαb(n)− αb(n + 1)



Ïåðèîäè÷íîñòü

αb(0), αb(1), . . . , αb(n), . . .

αb(0) (mod v), αb(1) (mod v), . . . , αb(n) (mod v), . . .

αb(m − 1) ≡ αb(m − 1 + p) (mod v)

αb(m) ≡ αb(m + p) (mod v)

αb(m + 1) ≡ αb(m + 1 + p) (mod v)

αb(m + 2) ≡ αb(m + 2 + p) (mod v)

αb(m + 3) ≡ αb(m + 3 + p) (mod v)

αb(n) ≡ αb(n + p) (mod v)

αb(n + 2) = bαb(n + 1)− αb(n)

αb(n − 1) = bαb(n)− αb(n + 1)



Ïåðèîäè÷íîñòü

αb(0), αb(1), . . . , αb(n), . . .

αb(0) (mod v), αb(1) (mod v), . . . , αb(n) (mod v), . . .

αb(m − 1) ≡ αb(m − 1 + p) (mod v)

αb(m) ≡ αb(m + p) (mod v)

αb(m + 1) ≡ αb(m + 1 + p) (mod v)

αb(m + 2) ≡ αb(m + 2 + p) (mod v)

αb(m + 3) ≡ αb(m + 3 + p) (mod v)

αb(n) ≡ αb(n + p) (mod v)

αb(n + 2) = bαb(n + 1)− αb(n)

αb(n − 1) = bαb(n)− αb(n + 1)



Ïåðèîäè÷íîñòü

αb(0), αb(1), . . . , αb(n), . . .

αb(0) (mod v), αb(1) (mod v), . . . , αb(n) (mod v), . . .

αb(m − 1) ≡ αb(m − 1 + p) (mod v)

αb(m) ≡ αb(m + p) (mod v)

αb(m + 1) ≡ αb(m + 1 + p) (mod v)

αb(m + 2) ≡ αb(m + 2 + p) (mod v)

αb(m + 3) ≡ αb(m + 3 + p) (mod v)

αb(n) ≡ αb(n + p) (mod v)

αb(n + 2) = bαb(n + 1)− αb(n)

αb(n − 1) = bαb(n)− αb(n + 1)



Ïåðèîäè÷íîñòü

αb(0), αb(1), . . . , αb(n), . . .

αb(0) (mod v), αb(1) (mod v), . . . , αb(n) (mod v), . . .

αb(m − 1) ≡ αb(m − 1 + p) (mod v)

αb(m) ≡ αb(m + p) (mod v)

αb(m + 1) ≡ αb(m + 1 + p) (mod v)

αb(m + 2) ≡ αb(m + 2 + p) (mod v)

αb(m + 3) ≡ αb(m + 3 + p) (mod v)

αb(n) ≡ αb(n + p) (mod v)

αb(n + 2) = bαb(n + 1)− αb(n)

αb(n − 1) = bαb(n)− αb(n + 1)



Ñïåöèàëüíûé ïåðèîä

v = αb(m + 1)− αb(m − 1)

αb(0) ≡ αb(0) = 0 (mod v)

αb(1) ≡ αb(1) = 1 (mod v)
... ≡

...

αb(m) ≡ αb(m) (mod v)

αb(m + 1) ≡ αb(m − 1) (mod v)

αb(m + 2) ≡ αb(m − 2) (mod v)

αb(m + 3) ≡ αb(m − 3) (mod v)
... ≡

...

αb(2m − 1) ≡ αb(1) (mod v)

αb(2m) ≡ αb(0) = 0 = −αb(0) (mod v)

αb(2m + 1) ≡ αb(−1) = −1 = −αb(1) (mod v)



Ñïåöèàëüíûé ïåðèîä

αb(2m) ≡ αb(0) = 0 = −αb(0) (mod v)

αb(2m + 1) ≡ αb(−1) = −1 = −αb(1) (mod v)

αb(2m + 2) ≡ −αb(2) (mod v)
... ≡

...

αb(2m + n) ≡ −αb(n) (mod v)
... ≡

...

αb(4m + n) ≡ −αb(2m + n) ≡ αb(n) (mod v)

Ïðè v = αb(m + 1)− αb(m − 1) ïîñëåäîâàòåëüíîñòü αb(0)
(mod v), αb(1) (mod v), . . . , αb(1) (mod v), . . . èìååò ïåðèîä

äëèíû 4m, à ïîñëåäîâàòåëüíîñòü

arem(αb(0), v), arem(αb(1), v), . . . , arem(αb(n), v), . . . èìååò
ïåðèîä äëèíû 2m.



Ñïåöèàëüíûé ïåðèîä

αb(2m) ≡ αb(0) = 0 = −αb(0) (mod v)

αb(2m + 1) ≡ αb(−1) = −1 = −αb(1) (mod v)

αb(2m + 2) ≡ −αb(2) (mod v)
... ≡

...

αb(2m + n) ≡ −αb(n) (mod v)
... ≡

...

αb(4m + n) ≡ −αb(2m + n) ≡ αb(n) (mod v)

Ïðè v = αb(m + 1)− αb(m − 1) ïîñëåäîâàòåëüíîñòü αb(0)
(mod v), αb(1) (mod v), . . . , αb(1) (mod v), . . . èìååò ïåðèîä

äëèíû 4m

, à ïîñëåäîâàòåëüíîñòü

arem(αb(0), v), arem(αb(1), v), . . . , arem(αb(n), v), . . . èìååò
ïåðèîä äëèíû 2m.



Ñïåöèàëüíûé ïåðèîä

αb(2m) ≡ αb(0) = 0 = −αb(0) (mod v)

αb(2m + 1) ≡ αb(−1) = −1 = −αb(1) (mod v)

αb(2m + 2) ≡ −αb(2) (mod v)
... ≡

...

αb(2m + n) ≡ −αb(n) (mod v)
... ≡

...

αb(4m + n) ≡ −αb(2m + n) ≡ αb(n) (mod v)

Ïðè v = αb(m + 1)− αb(m − 1) ïîñëåäîâàòåëüíîñòü αb(0)
(mod v), αb(1) (mod v), . . . , αb(1) (mod v), . . . èìååò ïåðèîä

äëèíû 4m, à ïîñëåäîâàòåëüíîñòü

arem(αb(0), v), arem(αb(1), v), . . . , arem(αb(n), v), . . . èìååò
ïåðèîä äëèíû 2m.



×åòâåðòûé øàã

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X ,B − b) && k = arem(X ,B − 2)}
ïðè óñëîâèè 2αb(n) ≤ B − b && 2n ≤ B − 2

v = αb(m + 1)− αb(m − 1)

v |B − b

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X ,B − 2)}
ïðè óñëîâèè 2αb(n) ≤ v && 2n ≤ B − 2



×åòâåðòûé øàã

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X ,B − b) && k = arem(X ,B − 2)}
ïðè óñëîâèè 2αb(n) ≤ B − b && 2n ≤ B − 2

v = αb(m + 1)− αb(m − 1)

v |B − b

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X ,B − 2)}
ïðè óñëîâèè 2αb(n) ≤ v && 2n ≤ B − 2



×åòâåðòûé øàã

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X ,B − b) && k = arem(X ,B − 2)}
ïðè óñëîâèè 2αb(n) ≤ B − b && 2n ≤ B − 2

v = αb(m + 1)− αb(m − 1)

v |B − b

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X ,B − 2)}
ïðè óñëîâèè 2αb(n) ≤ v && 2n ≤ B − 2



×åòâåðòûé øàã

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X ,B − b) && k = arem(X ,B − 2)}
ïðè óñëîâèè 2αb(n) ≤ B − b && 2n ≤ B − 2

v = αb(m + 1)− αb(m − 1)

v |B − b

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X ,B − 2)}
ïðè óñëîâèè 2αb(n) ≤ v && 2n ≤ B − 2



Ïÿòûé øàã

v |B − b

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X ,B − 2)}
provided 2αb(n) ≤ v && 2n ≤ B − 2

u|B − 2

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X , u)}
ïðè óñëîâèè 2αb(n) ≤ v && 2n ≤ u



Ïÿòûé øàã

v |B − b

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X ,B − 2)}
provided 2αb(n) ≤ v && 2n ≤ B − 2

u|B − 2

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X , u)}
ïðè óñëîâèè 2αb(n) ≤ v && 2n ≤ u



Ïÿòûé øàã

v |B − b

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X ,B − 2)}
provided 2αb(n) ≤ v && 2n ≤ B − 2

u|B − 2

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X , u)}
ïðè óñëîâèè 2αb(n) ≤ v && 2n ≤ u



Êëþ÷åâàÿ èäåÿ

v = αb(m + 1)− αb(m − 1) v |B − b

u|B − 2

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X , u)}
ïðè óñëîâèè 2αb(n) ≤ v && 2n ≤ u

Ïîñëåäîâàòåëüíîñòü

arem(αB(0), v), arem(αB(1), v), . . . , arem(αB(n), v), . . .

èìååò ïåðèîä äëèíû 2m; ïîñëåäîâàòåëüíîñòü

arem(αB(0), u), arem(αB(1), u), . . . , arem(αB(n), u), . . .

èìååò ïåðèîä äëèíû u; ìû õîòèì, ÷òîáû u | m.



Êëþ÷åâàÿ èäåÿ

v = αb(m + 1)− αb(m − 1) v |B − b

u|B − 2

〈x , k〉 ∈ Nb ⇐⇒ ∃X{X = αB(n) &&

x = arem(X , v) && k = arem(X , u)}
ïðè óñëîâèè 2αb(n) ≤ v && 2n ≤ u

Ïîñëåäîâàòåëüíîñòü

arem(αB(0), v), arem(αB(1), v), . . . , arem(αB(n), v), . . .

èìååò ïåðèîä äëèíû 2m; ïîñëåäîâàòåëüíîñòü

arem(αB(0), u), arem(αB(1), u), . . . , arem(αB(n), u), . . .

èìååò ïåðèîä äëèíû u; ìû õîòèì, ÷òîáû u | m.



Îñíîâíàÿ ëåììà. Äëÿ ëþáîãî ÷èñëà b, òàêîãî ÷òî b ≥ 4, è

ëþáûõ ÷èñåë x è k, ðàâåíñòâî x = αb(k) èìååò ìåñòî òîãäà è

òîëüêî òîãäà, êîãäà ñóùåñòâóþò ÷èñëà B, r , s, t, u, v ,X ,Y òàêèå,

÷òî

u2 − but + t2 = 1,

s2 − bsr + r2 = 1,

r < s,

u2 | s,
v = bs − 2r ,

v | B − b,

u | B − 2,

B > 2,

X 2 − BXY + Y 2 = 1,

2x < u,

x = arem(X , v),

k = arem(X , u).



×àñòü �òîãäà�

Åñëè b ≥ 4 è ÷èñëà x , k ,B, r , s, t, u, v ,X ,Y óäîâëåòâîðÿþò

óñëîâèÿì

u2 − but + t2 = 1,

s2 − bsr + r2 = 1,

r < s, v = bs − 2r ,

u2 | s,
B ≥ 4, X 2 − BXY + Y 2 = 1,

v | B − b,

u | B − 2,

2a < u,

x = arem(X , v),

k = arem(X , u).

òî x = αb(k).



×àñòü �òîãäà�

u2 − but + t2 = 1

⇒ u = αb(l)

s2 − bsr + r2 = 1, r < s ⇒ s = αb(m), r = αb(m − 1)

v = bs − 2r ⇒ v = bαb(m)− 2αb(m − 1)

⇒ v = αb(m + 1)− αb(m − 1)

u2 | s ⇒ (αb(l))2 | αb(m)

⇒ u | m



×àñòü �òîãäà�

u2 − but + t2 = 1 ⇒ u = αb(l)

s2 − bsr + r2 = 1, r < s ⇒ s = αb(m), r = αb(m − 1)

v = bs − 2r ⇒ v = bαb(m)− 2αb(m − 1)

⇒ v = αb(m + 1)− αb(m − 1)

u2 | s ⇒ (αb(l))2 | αb(m)

⇒ u | m



×àñòü �òîãäà�

u2 − but + t2 = 1 ⇒ u = αb(l)

s2 − bsr + r2 = 1, r < s

⇒ s = αb(m), r = αb(m − 1)

v = bs − 2r ⇒ v = bαb(m)− 2αb(m − 1)

⇒ v = αb(m + 1)− αb(m − 1)

u2 | s ⇒ (αb(l))2 | αb(m)

⇒ u | m



×àñòü �òîãäà�

u2 − but + t2 = 1 ⇒ u = αb(l)

s2 − bsr + r2 = 1, r < s ⇒ s = αb(m), r = αb(m − 1)

v = bs − 2r ⇒ v = bαb(m)− 2αb(m − 1)

⇒ v = αb(m + 1)− αb(m − 1)

u2 | s ⇒ (αb(l))2 | αb(m)

⇒ u | m



×àñòü �òîãäà�

u2 − but + t2 = 1 ⇒ u = αb(l)

s2 − bsr + r2 = 1, r < s ⇒ s = αb(m), r = αb(m − 1)

v = bs − 2r

⇒ v = bαb(m)− 2αb(m − 1)

⇒ v = αb(m + 1)− αb(m − 1)

u2 | s ⇒ (αb(l))2 | αb(m)

⇒ u | m



×àñòü �òîãäà�

u2 − but + t2 = 1 ⇒ u = αb(l)

s2 − bsr + r2 = 1, r < s ⇒ s = αb(m), r = αb(m − 1)

v = bs − 2r ⇒ v = bαb(m)− 2αb(m − 1)

⇒ v = αb(m + 1)− αb(m − 1)

u2 | s ⇒ (αb(l))2 | αb(m)

⇒ u | m



×àñòü �òîãäà�

u2 − but + t2 = 1 ⇒ u = αb(l)

s2 − bsr + r2 = 1, r < s ⇒ s = αb(m), r = αb(m − 1)

v = bs − 2r ⇒ v = bαb(m)− 2αb(m − 1)

⇒ v = αb(m + 1)− αb(m − 1)

u2 | s ⇒ (αb(l))2 | αb(m)

⇒ u | m



×àñòü �òîãäà�

u2 − but + t2 = 1 ⇒ u = αb(l)

s2 − bsr + r2 = 1, r < s ⇒ s = αb(m), r = αb(m − 1)

v = bs − 2r ⇒ v = bαb(m)− 2αb(m − 1)

⇒ v = αb(m + 1)− αb(m − 1)

u2 | s

⇒ (αb(l))2 | αb(m)

⇒ u | m



×àñòü �òîãäà�

u2 − but + t2 = 1 ⇒ u = αb(l)

s2 − bsr + r2 = 1, r < s ⇒ s = αb(m), r = αb(m − 1)

v = bs − 2r ⇒ v = bαb(m)− 2αb(m − 1)

⇒ v = αb(m + 1)− αb(m − 1)

u2 | s ⇒ (αb(l))2 | αb(m)

⇒ u | m



×àñòü �òîãäà�

u2 − but + t2 = 1 ⇒ u = αb(l)

s2 − bsr + r2 = 1, r < s ⇒ s = αb(m), r = αb(m − 1)

v = bs − 2r ⇒ v = bαb(m)− 2αb(m − 1)

⇒ v = αb(m + 1)− αb(m − 1)

u2 | s ⇒ (αb(l))2 | αb(m)

⇒ u | m



×àñòü �òîãäà�

B ≥ 4&&X 2 − BXY + Y 2 = 1

⇒ X = αB(n)

⇒ X ≡ αb(n) (mod B − b)

⇒ X ≡ n (mod B − 2)

v | B − b ⇒ X ≡ αb(n) (mod v),

u | B − 2 ⇒ X ≡ n (mod u)



×àñòü �òîãäà�

B ≥ 4&&X 2 − BXY + Y 2 = 1 ⇒ X = αB(n)

⇒ X ≡ αb(n) (mod B − b)

⇒ X ≡ n (mod B − 2)

v | B − b ⇒ X ≡ αb(n) (mod v),

u | B − 2 ⇒ X ≡ n (mod u)



×àñòü �òîãäà�

B ≥ 4&&X 2 − BXY + Y 2 = 1 ⇒ X = αB(n)

⇒ X ≡ αb(n) (mod B − b)

⇒ X ≡ n (mod B − 2)

v | B − b ⇒ X ≡ αb(n) (mod v),

u | B − 2 ⇒ X ≡ n (mod u)



×àñòü �òîãäà�

B ≥ 4&&X 2 − BXY + Y 2 = 1 ⇒ X = αB(n)

⇒ X ≡ αb(n) (mod B − b)

⇒ X ≡ n (mod B − 2)

v | B − b ⇒ X ≡ αb(n) (mod v),

u | B − 2 ⇒ X ≡ n (mod u)



×àñòü �òîãäà�

B ≥ 4&&X 2 − BXY + Y 2 = 1 ⇒ X = αB(n)

⇒ X ≡ αb(n) (mod B − b)

⇒ X ≡ n (mod B − 2)

v | B − b

⇒ X ≡ αb(n) (mod v),

u | B − 2 ⇒ X ≡ n (mod u)



×àñòü �òîãäà�

B ≥ 4&&X 2 − BXY + Y 2 = 1 ⇒ X = αB(n)

⇒ X ≡ αb(n) (mod B − b)

⇒ X ≡ n (mod B − 2)

v | B − b ⇒ X ≡ αb(n) (mod v),

u | B − 2 ⇒ X ≡ n (mod u)



×àñòü �òîãäà�

B ≥ 4&&X 2 − BXY + Y 2 = 1 ⇒ X = αB(n)

⇒ X ≡ αb(n) (mod B − b)

⇒ X ≡ n (mod B − 2)

v | B − b ⇒ X ≡ αb(n) (mod v),

u | B − 2

⇒ X ≡ n (mod u)



×àñòü �òîãäà�

B ≥ 4&&X 2 − BXY + Y 2 = 1 ⇒ X = αB(n)

⇒ X ≡ αb(n) (mod B − b)

⇒ X ≡ n (mod B − 2)

v | B − b ⇒ X ≡ αb(n) (mod v),

u | B − 2 ⇒ X ≡ n (mod u)



×àñòü �òîãäà�

Let j = arem(n, 2m), that is,

n = 2lm ± j , j ≤ m

Ab(n) = Ψn
b

= Ψ2lm±j
b

=
[
[Ψm

b ]2
]l

Ψ±jb

=
[
[Ab(m)]2

]l
[Ab(j)]±1



×àñòü �òîãäà�

Let j = arem(n, 2m), that is,

n = 2lm ± j , j ≤ m

Ab(n) = Ψn
b

= Ψ2lm±j
b

=
[
[Ψm

b ]2
]l

Ψ±jb

=
[
[Ab(m)]2

]l
[Ab(j)]±1



×àñòü �òîãäà�

Let j = arem(n, 2m), that is,

n = 2lm ± j , j ≤ m

Ab(n) = Ψn
b

= Ψ2lm±j
b

=
[
[Ψm

b ]2
]l

Ψ±jb

=
[
[Ab(m)]2

]l
[Ab(j)]±1



×àñòü �òîãäà�

Let j = arem(n, 2m), that is,

n = 2lm ± j , j ≤ m

Ab(n) = Ψn
b

= Ψ2lm±j
b

=
[
[Ψm

b ]2
]l

Ψ±jb

=
[
[Ab(m)]2

]l
[Ab(j)]±1



×àñòü �òîãäà�

Let j = arem(n, 2m), that is,

n = 2lm ± j , j ≤ m

Ab(n) = Ψn
b

= Ψ2lm±j
b

=
[
[Ψm

b ]2
]l

Ψ±jb

=
[
[Ab(m)]2

]l
[Ab(j)]±1



×àñòü �òîãäà�

Ab(n) =
[
[Ab(m)]2

]l
[Ab(j)]±1

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡ −

(
−αb(m − 1) αb(m)
−αb(m) αb(m + 1)

)
(mod v)

= −[Ab(m)]−1

[Ab(m)]2 ≡ −E (mod v)

Ab(n) ≡ ±[Ab(j)]±1 (mod v)

X ≡ αb(n) ≡ ±αb(j) (mod v)



×àñòü �òîãäà�

Ab(n) =
[
[Ab(m)]2

]l
[Ab(j)]±1

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)

≡ −
(
−αb(m − 1) αb(m)
−αb(m) αb(m + 1)

)
(mod v)

= −[Ab(m)]−1

[Ab(m)]2 ≡ −E (mod v)

Ab(n) ≡ ±[Ab(j)]±1 (mod v)

X ≡ αb(n) ≡ ±αb(j) (mod v)



×àñòü �òîãäà�

Ab(n) =
[
[Ab(m)]2

]l
[Ab(j)]±1

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡ −

(
−αb(m − 1) αb(m)
−αb(m) αb(m + 1)

)
(mod v)

= −[Ab(m)]−1

[Ab(m)]2 ≡ −E (mod v)

Ab(n) ≡ ±[Ab(j)]±1 (mod v)

X ≡ αb(n) ≡ ±αb(j) (mod v)



×àñòü �òîãäà�

Ab(n) =
[
[Ab(m)]2

]l
[Ab(j)]±1

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡ −

(
−αb(m − 1) αb(m)
−αb(m) αb(m + 1)

)
(mod v)

= −[Ab(m)]−1

[Ab(m)]2 ≡ −E (mod v)

Ab(n) ≡ ±[Ab(j)]±1 (mod v)

X ≡ αb(n) ≡ ±αb(j) (mod v)



×àñòü �òîãäà�

Ab(n) =
[
[Ab(m)]2

]l
[Ab(j)]±1

Ab(m) =

(
αb(m + 1) −αb(m)
αb(m) −αb(m − 1)

)
≡ −

(
−αb(m − 1) αb(m)
−αb(m) αb(m + 1)

)
(mod v)

= −[Ab(m)]−1

[Ab(m)]2 ≡ −E (mod v)

Ab(n) ≡ ±[Ab(j)]±1 (mod v)

X ≡ αb(n) ≡ ±αb(j) (mod v)



×àñòü �òîãäà�

x = arem(X , v) = αb(j)

2αb(j) ≤ 2αb(m) ≤ (b − 2)αb(m) < bαb(m)− 2αb(m − 1) = v

k = arem(X , u) = arem(n, u) = j

2j ≤ 2αb(j) = 2x < u

x = αb(k)



×àñòü �òîãäà�

x = arem(X , v) = αb(j)

2αb(j) ≤ 2αb(m) ≤ (b − 2)αb(m) < bαb(m)− 2αb(m − 1) = v

k = arem(X , u) = arem(n, u) = j

2j ≤ 2αb(j) = 2x < u

x = αb(k)



×àñòü �òîãäà�

x = arem(X , v) = αb(j)

2αb(j) ≤ 2αb(m) ≤ (b − 2)αb(m) < bαb(m)− 2αb(m − 1) = v

k = arem(X , u) = arem(n, u) = j

2j ≤ 2αb(j) = 2x < u

x = αb(k)



×àñòü �òîãäà�

x = arem(X , v) = αb(j)

2αb(j) ≤ 2αb(m) ≤ (b − 2)αb(m) < bαb(m)− 2αb(m − 1) = v

k = arem(X , u) = arem(n, u) = j

2j ≤ 2αb(j) = 2x < u

x = αb(k)



×àñòü �òîãäà�

x = arem(X , v) = αb(j)

2αb(j) ≤ 2αb(m) ≤ (b − 2)αb(m) < bαb(m)− 2αb(m − 1) = v

k = arem(X , u) = arem(n, u) = j

2j ≤ 2αb(j) = 2x < u

x = αb(k)



×àñòü �òîëüêî òîãäà�

For every b ≥ 4, x , k, if x = αb(k) then there are numbers

x , k ,B, r , s, t, u, v ,X ,Y are such that

u2 − but + t2 = 1,

s2 − bsr + r2 = 1, r < s,

v = bs − 2r ,

u2 | s,
B ≥ 4, X 2 − BXY + Y 2 = 1,

v | B − b,

u | B − 2,

2x < u,

x = arem(X , v),

k = arem(X , u).



×àñòü �òîëüêî òîãäà�

u = αb(l), t = αb(l + 1) ⇒ u2 − but + t2 = 1

l is big ⇒ 2x < u

u ≡ 1 (mod 2)

s = αb(m + 1), r = αb(m) ⇒ s2 − bsr + r2 = 1

⇒ r < s

m = lu ⇒ u2 | s

v = bs − 2r ≥ 4αb(m)− 2αb(m − 1)

> 2αb(m) ≥ 0



×àñòü �òîëüêî òîãäà�

u = αb(l), t = αb(l + 1) ⇒ u2 − but + t2 = 1

l is big ⇒ 2x < u

u ≡ 1 (mod 2)

s = αb(m + 1), r = αb(m) ⇒ s2 − bsr + r2 = 1

⇒ r < s

m = lu ⇒ u2 | s

v = bs − 2r ≥ 4αb(m)− 2αb(m − 1)

> 2αb(m) ≥ 0



×àñòü �òîëüêî òîãäà�

u = αb(l), t = αb(l + 1) ⇒ u2 − but + t2 = 1

l is big ⇒ 2x < u

u ≡ 1 (mod 2)

s = αb(m + 1), r = αb(m) ⇒ s2 − bsr + r2 = 1

⇒ r < s

m = lu ⇒ u2 | s

v = bs − 2r ≥ 4αb(m)− 2αb(m − 1)

> 2αb(m) ≥ 0



×àñòü �òîëüêî òîãäà�

u = αb(l), t = αb(l + 1) ⇒ u2 − but + t2 = 1

l is big ⇒ 2x < u

u ≡ 1 (mod 2)

s = αb(m + 1), r = αb(m) ⇒ s2 − bsr + r2 = 1

⇒ r < s

m = lu ⇒ u2 | s

v = bs − 2r ≥ 4αb(m)− 2αb(m − 1)

> 2αb(m) ≥ 0



×àñòü �òîëüêî òîãäà�

u = αb(l), t = αb(l + 1) ⇒ u2 − but + t2 = 1

l is big ⇒ 2x < u

u ≡ 1 (mod 2)

s = αb(m + 1), r = αb(m) ⇒ s2 − bsr + r2 = 1

⇒ r < s

m = lu ⇒ u2 | s

v = bs − 2r ≥ 4αb(m)− 2αb(m − 1)

> 2αb(m) ≥ 0



×àñòü �òîëüêî òîãäà�

u = αb(l), t = αb(l + 1) ⇒ u2 − but + t2 = 1

l is big ⇒ 2x < u

u ≡ 1 (mod 2)

s = αb(m + 1), r = αb(m) ⇒ s2 − bsr + r2 = 1

⇒ r < s

m = lu ⇒ u2 | s

v = bs − 2r

≥ 4αb(m)− 2αb(m − 1)

> 2αb(m) ≥ 0



×àñòü �òîëüêî òîãäà�

u = αb(l), t = αb(l + 1) ⇒ u2 − but + t2 = 1

l is big ⇒ 2x < u

u ≡ 1 (mod 2)

s = αb(m + 1), r = αb(m) ⇒ s2 − bsr + r2 = 1

⇒ r < s

m = lu ⇒ u2 | s

v = bs − 2r ≥ 4αb(m)− 2αb(m − 1)

> 2αb(m) ≥ 0



×àñòü �òîëüêî òîãäà�

u = αb(l), t = αb(l + 1) ⇒ u2 − but + t2 = 1

l is big ⇒ 2x < u

u ≡ 1 (mod 2)

s = αb(m + 1), r = αb(m) ⇒ s2 − bsr + r2 = 1

⇒ r < s

m = lu ⇒ u2 | s

v = bs − 2r ≥ 4αb(m)− 2αb(m − 1)

> 2αb(m) ≥ 0



×àñòü �òîëüêî òîãäà�

B ≥ 4, v | B − b, u | B − 2

B ≡ b (mod v), B ≡ 2 (mod u)

d | u
d | v

u2 | s ⇒ d | s
v = bs − 2r ⇒ d | 2r

u ≡ 1 (mod 2) ⇒ d | r
s2 − bsr + r2 = 1 ⇒ d | 1

⇒ d = 1



×àñòü �òîëüêî òîãäà�

B ≥ 4, v | B − b, u | B − 2

B ≡ b (mod v), B ≡ 2 (mod u)

d | u
d | v

u2 | s ⇒ d | s
v = bs − 2r ⇒ d | 2r

u ≡ 1 (mod 2) ⇒ d | r
s2 − bsr + r2 = 1 ⇒ d | 1

⇒ d = 1



×àñòü �òîëüêî òîãäà�

B ≥ 4, v | B − b, u | B − 2

B ≡ b (mod v), B ≡ 2 (mod u)

d | u
d | v

u2 | s ⇒ d | s

v = bs − 2r ⇒ d | 2r
u ≡ 1 (mod 2) ⇒ d | r

s2 − bsr + r2 = 1 ⇒ d | 1
⇒ d = 1



×àñòü �òîëüêî òîãäà�

B ≥ 4, v | B − b, u | B − 2

B ≡ b (mod v), B ≡ 2 (mod u)

d | u
d | v

u2 | s ⇒ d | s
v = bs − 2r ⇒ d | 2r

u ≡ 1 (mod 2) ⇒ d | r
s2 − bsr + r2 = 1 ⇒ d | 1

⇒ d = 1



×àñòü �òîëüêî òîãäà�

B ≥ 4, v | B − b, u | B − 2

B ≡ b (mod v), B ≡ 2 (mod u)

d | u
d | v

u2 | s ⇒ d | s
v = bs − 2r ⇒ d | 2r

u ≡ 1 (mod 2) ⇒ d | r

s2 − bsr + r2 = 1 ⇒ d | 1
⇒ d = 1



×àñòü �òîëüêî òîãäà�

B ≥ 4, v | B − b, u | B − 2

B ≡ b (mod v), B ≡ 2 (mod u)

d | u
d | v

u2 | s ⇒ d | s
v = bs − 2r ⇒ d | 2r

u ≡ 1 (mod 2) ⇒ d | r
s2 − bsr + r2 = 1 ⇒ d | 1

⇒ d = 1



×àñòü �òîëüêî òîãäà�

B ≥ 4, v | B − b, u | B − 2

B ≡ b (mod v), B ≡ 2 (mod u)

d | u
d | v

u2 | s ⇒ d | s
v = bs − 2r ⇒ d | 2r

u ≡ 1 (mod 2) ⇒ d | r
s2 − bsr + r2 = 1 ⇒ d | 1

⇒ d = 1



×àñòü �òîëüêî òîãäà�

X = αB(k),Y = αB(k + 1) ⇒ X 2 − BXY + Y 2 = 1



×àñòü �òîëüêî òîãäà�

X = αB(k),Y = αB(k + 1)

x = arem(X , v)

αB(k) ≡ αb(k) (mod B − b)

X ≡ x (mod B − b)

v | B − b ⇒ X ≡ x (mod v)

v = bs − 2r ≥ 4αb(m)− 2αb(m − 1)

> αb(m) = αb(lu)

≥ αb(l) = u > 2x



×àñòü �òîëüêî òîãäà�

X = αB(k),Y = αB(k + 1)

x = arem(X , v)

αB(k) ≡ αb(k) (mod B − b)

X ≡ x (mod B − b)

v | B − b ⇒ X ≡ x (mod v)

v = bs − 2r ≥ 4αb(m)− 2αb(m − 1)

> αb(m) = αb(lu)

≥ αb(l) = u > 2x



×àñòü �òîëüêî òîãäà�

X = αB(k),Y = αB(k + 1)

x = arem(X , v)

αB(k) ≡ αb(k) (mod B − b)

X ≡ x (mod B − b)

v | B − b ⇒ X ≡ x (mod v)

v = bs − 2r ≥ 4αb(m)− 2αb(m − 1)

> αb(m) = αb(lu)

≥ αb(l) = u > 2x



×àñòü �òîëüêî òîãäà�

X = αB(k),Y = αB(k + 1)

k = arem(X , u)

αB(k) ≡ α2(k) (mod B − 2)

X ≡ k (mod B − 2)

u | B − 2 ⇒ X ≡ k (mod u)

2x < u



×àñòü �òîëüêî òîãäà�

X = αB(k),Y = αB(k + 1)

k = arem(X , u)

αB(k) ≡ α2(k) (mod B − 2)

X ≡ k (mod B − 2)

u | B − 2 ⇒ X ≡ k (mod u)

2x < u


























































































