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Áàçîâûå ïîíÿòèÿ

I Ñëó÷àéíàÿ âåëè÷èíà (Ñ.Â.) X .

I E [ X ] =
∑

i∈Dom(X ) i · Pr [ X = i ].

I Äëÿ íàáîðà Ñ.Â. X1,X2, · · · ,Xn è ÷èñåë α1, · · · , αn

E [
∑

i αi · Xi ] =
∑

i αi · E [ Xi ]

I D [ X ] = E
[

(X − E [ X ])2
]

= E
[
X 2
]
− E [ X ]2.

I D [ αX ] = α2D [ X ].



Áàçîâûå ïîíÿòèÿ

I Ñ.Â. X è Y íåçàâèñèìû, åñëè ∀a, b ∈ R

Pr [ X = a ∧ Y = b ] = Pr [ X = a ] · Pr [ Y = b ] .

I Äëÿ íåçàâèñìûõ C.Â. X è Y
E [ XY ] = E [ X ]E [ Y ],

D [ X + Y ] = D [ X ] + D [ Y ].

I Íàáîð Ñ.Â. X1, · · · ,Xn 2-íåçàâèñèì, åñëè äëÿ ëþáûõ

1 ≤ i 6= j ≤ n Xi è Xj íåçàâèñèìû.

I X1,X2,X3 ∈ {0, 1}, X1 + X2 + X3 = 0 mod 2.

I Äëÿ 2-íåçàâèñèìîãî íàáîðà C.Â.

D [
∑

i Xi ] =
∑

i D [ Xi ].



Îñíîâíûå íåðàâåíñòâà

I Pr [ A ∨ B ] ≤ Pr [ A ] + Pr [ B ].

I Pr [ A ∧ B ] ≤ Pr [ A ].

Íåðàâåíñòâî Ìàðêîâà

Äëÿ Ñ.Â. X ≥ 0 è ÷èñëà a > 0

Pr [ X ≥ a ] ≤
E [ X ]

a
.



Îñíîâíûå íåðàâåíñòâà

Íåðàâåíñòâî ×åáûø¼âà

Äëÿ Ñ.Â. X ïðè E [ X ] = µ

Pr [ |X − µ| ≥ ε ] ≤
D [ X ]

ε2
.

Íåðàâåíñòâî ×åðíîâà

Äëÿ íàáîðà íåçàâèñèìûõ Ñ.Â. X1,X2, · · · ,Xn òàêèõ, ÷òî

Xi ∈ {0, 1} è E [ Xi ] = µ, è êîíñòàíòû ε > 0

Pr

[ ∣∣∣∣∣1n ·∑
i

Xi − µ

∣∣∣∣∣ ≥ ε
]
≤ exp(−c · n).



Õýø-ôóíêöèè

I Ïóñòü H = {hi}ti=1, ãäå hi : K → V . H � ñåìåéñòâî

2-íåçàâèñèìûõ õýø-ôóíêöèé, åñëè äëÿ ëþáûõ k1 6= k2 è
ëþáûõ v1, v2

Pr
h←U(H)

[ h(k1) = v1 ∧ h(k2) = v2 ] =
1

|V |2
.

I Ïðèìåð hi : Fp → Fp. ha,b(x) = a · x + b.

Pr
h←U(H)

[ a · k1 + b = v1 ∧ a · k2 + b = v2 ] =
1

p2
.{

a · k1 + b = v1,
a · k2 + b = v2.



×èñëî ðàçëè÷íûõ ýëåìåíòîâ

Çàäà÷à

I σ = 〈a1, · · · , am〉, ai ∈ [n] = [2l ].

I f [x ] = #{i | ai = x} � ÷àñòîòà.

I d = #{x | f [x ] > 0} � ÷èñëî ðàçëè÷íûõ ýëåìåíòîâ.

I Ðàçðåøåí îäèí ïðîõîä. Íàéòè d .

I FM'83 AMS'99: Pr
[
ans ∈ [d

3
, 3d ]

]
≥ 1− δ.

Ïàìÿòü O(log 1
δ log n).

I BJKST'04: Pr [ |ans − d | ≤ εd ] ≥ 1− δ
Ïàìÿòü O(log 1

δ (log n + 1
ε2

(log 1
ε + log log n))).



AMS

I zero(p) = max{i | p äåëèòñÿ íà 2i}.
I Àëãîðèòì:

1. init(): z = 0, âçÿòü h : [n]→ [n] èç 2-íåçàâèñèìîãî
ñåìåéñòâà.

2. process(y) : z = max(z, zero(h(y))).
3. answer(): âåðíóòü 2z+

1

2 .

I Ïóñòü d � îòâåò. d̄ � ðåçóëüòàò àëãîðèòìà.

Pr
[
d̄ ≥ 3 · d

]
≤ 0.47.

Pr
[
d̄ ≤ 1

3
d
]
≤ 0.47.



AMS. Àíàëèç

I Xj ,r = [zero(h(j)) ≥ r ].

E [ Xj ,r ] = 1
2r
,

D [ Xj ,r ] ≤ 1
2r
.

I Yr =
∑

j |f [j]>0 Xj ,r .

E [ Yr ] = d
2r
,

D [ Yr ] ≤ d
2r
.

I Pr [ Yr > 0 ] = Pr [ Yr ≥ 1 ] ≤ E [ Yr ] /1 = d
2r
.

I Pr [ Yr = 0 ] ≤ Pr
[
|Yr − d

2r
| ≥ d

2r

]
≤

D[ Yr ]

(d/2r )2
≤ 2r

d .



AMS. Àíàëèç

I Ïóñòü a � ìèíèìàëüíîå òàêîå, ÷òî 3 · d ≤ 2a+
1

2 . Òîãäà

Pr [ Ya > 0 ] ≤ d

2a
≤
√
2

3

.

I Ïóñòü b � ìàêñèìàëüíîå òàêîå, ÷òî 2b+
1

2 ≤ 1
3
· d . Òîãäà

Pr [ Yb+1 = 0 ] ≤ 2b+1

d
≤
√
2

3

.



Ìåäèàíà

I Àëãîðèòì âîçâðàùàåò çíà÷åíèå, áîëüøåå ðàçðåøåííîãî, ñ

âåðîÿòíîñòüþ p < 1
2
.

I Çàïóñòèì àëãîðèòì íåçàâèñèìî k ðàç è âîçüìåì ìåäèàíó.

I Ti = [îøèáêà ïðè i-îì çàïóñêå].

I E [ Ti ] ≤ p.

I Åñëè ìåäèíà ïëîõàÿ, òî àëãîðèòì îøèáñÿ õîòÿ áû

ïîëîâèíó ðàç.

I Pr
[ ∣∣∣ 1k ∑i Ti − E [ Ti ]

∣∣∣ ≥ 1
2
− p

]
≤ exp(−c · k).

I Çàïóñòèì log(2δ ) è ïîëó÷èì îøèáêó δ
2
ñ îäíîé ñòîðîíû.

I Pr [ îöåíêà ìàëà èëè âåëèêà ] ≤
Pr [ ìàëà ] + Pr [ âåëèêà ] ≤ δ



BJKST. Àëãîðèòì

init ():

B = []

z = 0

pick 2-ind h : [n] -> [n]

process(y):

zy = zero(h(y))

i f zy >= z:

B <- (y, zy)

whi le (B > c / (eps * eps)):

z++

remove a l l (a, b) from B s.t. b < z

ans = |B| * pow(2, z)



BJKST. Àíàëèç

I |B| = Yz .

I E [ |B| ] = E [ Yz ] = d
2z
.

I D [ |B| ] = D [ Yz ] ≤ d
2z
.

I Ïðè z = 0 âñ¼ òî÷íî.

I ||B| · 2z − d | ≥ ε · d ⇔
∣∣|B| − d

2z

∣∣ ≥ ε · d
2z



BJKST. Àíàëèç

I Ïóñòü s òàêîå, ÷òî 12
ε2
≤ d

2s
≤ 24

ε2
.

I Pr
[ ∣∣|B| − d

2z

∣∣ ≥ ε · d
2z

]
=∑log n

i=1 Pr
[ ∣∣|B| − d

2z

∣∣ ≥ ε · d
2z
∧ z = i

]
≤∑s−1

i=1 Pr
[ ∣∣|B| − d

2z

∣∣ ≥ ε · d
2z

]
+
∑log n

i=s Pr [ z = i ] ≤ 1
6

I Pr
[ ∣∣|B| − d

2i

∣∣ ≥ ε · d
2i

]
≤

D[ |B| ]
(εd/2i )2

≤ d
2i

1
ε2

(
2i

d

)2
= 1

ε2
2i

d .

I
∑s−1

i=1 Pr
[ ∣∣|B| − d

2z

∣∣ ≥ ε · d
2z

]
≤ 1

ε2
2s

d ≤
1
12
.

I
∑log n

i=s Pr [ z = i ] = Pr
[
Ys−1 ≥ c

ε2

]
≤ d

2s−1 · ε
2

c ≤
24·2
ε2
· ε2c ≤

48
c .



BJKST. Ïàìÿòü

I O( 1
ε2
log 1

δ log n).

I Áûëî:

B <- (y, zero(h(y))).

I Ñòàëî:

1. Â init: âûòàñêèâàåì åùå îäíó 2-íåçàâèñèìóþ ôóíêöèþ
g : [n]→ [b · 1

ε4 log
2 n].

2. Â process: B ← (g(y), zero(h(y))).

3. Pr [ êîëëèçèÿ ] ≤ 1

6
.

I Ïàìÿòü: O(log 1
δ (log n + 1

ε2
(log 1

ε + log log n)))



Ñïàñèáî!

Âîïðîñû?


