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Ïñåâäîñëó÷àéíûé ãåíåðàòîð

Ïñåâäîñëó÷àéíîå ðàñïðåäåëåíèå

Ðàñïðåäåëåíèå R íà {0, 1}m íàçûâàåòñÿ
(S , ε)-ïñåâäîñëó÷àéíûì, åñëè äëÿ êàæäîé ñõåìû C ðàçìåðà
≤ S :

|Pr[C (R) = 1]− Pr[C (Um) = 1]| < ε

Ïñåâäîñëó÷àéíûé ãåíåðàòîð

S(`) � ïðàâèëüíàÿ íåóáûâàþùàÿ ôóíêöèÿ. Ôóíêöèÿ
G : {0, 1}∗ → {0, 1}∗ íàçûâàåòñÿ S(`)-ïñåâäîñëó÷àéíûì
ãåíåðàòîðîì, åñëè

• G âû÷èñëèìà çà âðåìÿ 2O(n)

• ∀z ∈ {0, 1}`, |G (Z )| = S(`)

• ∀` ðàñïðåäåëåíèå G (Ul) ÿâëÿåòñÿ
(S(`)3, 1
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×åì ïîìîãàåò ïñåâäîñëó÷àéíûé
ãåíåðàòîð?

• Åñëè ñóùåñòâóåò 2ε`-ïñåâäîñëó÷àéíûé ãåíåðàòîð (ε > 0), òî
BPP = P.

• Åñëè ñóùåñòâóåò 2`ε
-ïñåâäîñëó÷àéíûé ãåíåðàòîð (ε > 0), òî

BPP ⊆ QuasiP = DTime[2polylog(n)].

• Åñëè ñóùåñòâóåò `ω(1)-ïñåâäîñëó÷àéíûé ãåíåðàòîð òî
BPP ⊆ SUBEXP = ∩ε>0DTime[2nε

].
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Ñõåìíàÿ ñëîæíîñòü ôóíêöèé

f : {0, 1}n → {0, 1}.
Ñëîæíîñòü â íàèõóäøåì ñëó÷àå

Hwrs(f ) = max{S |∀ ñõåìû C ðàçìåðà ≤ S

∃x ∈ {0, 1}n : C (x) 6= f (x)}

Ñëîæíîñòü â ñðåäíåì ñëó÷àå

Havg (f ) = max{S |∀ ñõåìû C ðàçìåðà ≤ S

Pr
x←U({0,1}n)

[C (x) = f (x)] <
1

2
+

1

S
}
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Ãåíåðàòîð èç ñëîæíûõ ôóíêöèé

Òåîðåìà. (Íèñàí-Âèãäåðñîí) Åñëè ñóùåñòâóåò
f : {0, 1}∗ → {0, 1}, âû÷èñëèìàÿ çà âðåìÿ 2O(n), ÷òî

• Havg (f ) ≥ 2εn, òîãäà ñóùåñòâóåò 2ε′n-ïñåâäîñëó÷àéíûé
ãåíåðàòîð.

• Havg (f ) ≥ 2nε
, òîãäà ñóùåñòâóåò 2nε′

-ïñåâäîñëó÷àéíûé
ãåíåðàòîð.

• Havg (f ) ≥ nω(1), òîãäà ñóùåñòâóåò nω(1)-ïñåâäîñëó÷àéíûé
ãåíåðàòîð.
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Ãåíåðàòîð Íèñàíà-Âèãäåðñîíà

Îïðåäåëåíèå. (Êîìáèíàòîðíûé äèçàéí) Ñåìåéñòâî
I = {I1, I2, . . . , Im} ïîäìíîæåñòâ {1, 2, . . . , `} íàçûâàåòñÿ
(`, d , n)-äèçàéíîì, åñëè ∀j , |Ij | = n è ∀j 6= k, |Ij ∩ Ik | ≤ d .
Îïðåäåëåíèå. (Ãåíåðàòîð Íèñàíà-Âèãäåðñîíà) Ïóñòü
I = {I1, I2, . . . , Im} � äèçàéí. f : {0, 1}∗ → {0, 1}.
NW f

I : {0, 1}` → {0, 1}m:

NW f
I (z) = f (zI1) ◦ f (zI2) ◦ · · · ◦ f (zIm)

Ëåììà. (Êîíñòóðêöèÿ äèçàéíà) Çà âðåìÿ 2O(`) ìîæíî
ïîñòðîèòü (`, d , n)-äèçàéí, ãäå n > d , ` > 10n2/d . Â ýòîì
äèçàéíå áóäåò 2d/10 ìíîæåñòâ.
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Îöåíêè ×åðíîâà

Òåîðåìà. Xi ∈ {0, 1} � íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå
ñëó÷àéíûå âåëè÷èíû. E

∑n
i=1 Xi = µ. Òîãäà

Pr

[
n∑

i=1

Xi > (1 + ε)µ

]
≤

(
eε

(1 + ε)(1+ε)

)µ

Pr

[
n∑

i=1

Xi < (1− ε)µ

]
≤ e−ε2µ/2
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Ïîñòðîåíèå äèçàéíà
Ëåììà. (Êîíñòóðêöèÿ äèçàéíà) Çà âðåìÿ 2O(`) ìîæíî
ïîñòðîèòü (`, d , n)-äèçàéí, äëÿ ëþáûõ n > d , ` > 10n2/d . Â
ýòîì äèçàéíå áóäåò 2d/10 ìíîæåñòâ.
Äîêàçàòåëüñòâî.
• Ìîæíî ñ÷èòàòü, ÷òî ` < 20n2/d . Äîáàâëÿòü n-ýëåìåíòíûå
ìíîæåñòâà ïî îäíîìó, ïîêà èõ ìåíüøå 2d , òàê ÷òîáû âñå
ïåðåñå÷åíèÿ íå ïðåâîñõîäèëè d .

• Ñëó÷àéíîå ìíîæåñòâî I : êàæäûé ýëåìåíò âêëþ÷àåì ñ
âåðîÿòíîñòüþ 2n

` .

• |I | =
∑l

j=1 xj , E |I | =
∑l

j=1 E xi = 2n, îòñþäà
Pr[|I | ≥ n] ≥ 0.9

• d/10 < E |I ∩ Ik | = 2n2/` < d/5, òî

Pr[|I ∩ Ik | ≥ d ] ≤
(

e4

55

)d/10
< 0.5 · 2−d/10

• Pr[∀j |I ∩ Ij | ≥ d ] ≤ 0.5
• Pr[|I | ≥ n ∧ ∀j |I ∩ Ij | ≥ d ] ≥ 0.4
• Îñòàëîñü âûêèíóòü èç I ëèøíèå ýëåìåíòû.
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