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Ïëàí

Hρ
avg (f ) = max {S | ∀C , |C | ≤ S =⇒ Prx←Un [C (x) = f (x)] < ρ}

Hwrs(f ) = H1
avg , Havg (f ) = max

{
S | H

1
2
+ 1

S
avg (f ) ≥ S

}
Öåëü: Ïî f ñ áîëüøîé Hwrs(f ) ïîñòðîèòü f ′ ñ áîëüøîé
H1−δ

avg (f ′).

1 Êîäû, èñïðàâëÿþùèå îøèáêè
• Êîä Ðèäà-Ñîëîìîíà
• Êîä Óîëøà-Àäàìàðà
• Êàñêàäíûé êîä
• Êîäà Ðèäà-Ìþëëåðà

2 Ëîêàëüíîå äåêîäèðîâàíèå

3 Èòîã: äåðàíäîìèçàöèÿ
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Êîäû, èñïðàâëÿþùèå îøèáêè

Îïðåäåëåíèå. Σ � êîíå÷íûé àëôàâèò. E : Σn → Σm íàçûâàåòñÿ
êîäîì, èñïðàâëÿþùèì îøèáêè ñ ðàññòîÿíèåì δ, åñëè äëÿ âñåõ
x 6= y ∈ Σn âûïîëíÿåòñÿ
∆(E (x),E (y)) = 1

m |{i | E (x)i 6= E (y)i}| ≥ δ.
Çàìå÷àíèå. Îáû÷íî Σ = {0, 1}.

Êîä Ðèäà-Ñîëîìîíà

• F � êîíå÷íîå ïîëå. |F| ≥ m ≥ n.

• F = {f1, f2, . . . , fm, . . . }
• RS : Fn → Fm.

• RS(a0, a1, . . . , an−1) = (z1, z2, . . . , zm), ãäå

• zi = a0 + a1fi + a2f
2
i + · · ·+ an−1f

n−1
i
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Êîä Ðèäà-Ñîëîìîíà

• F � êîíå÷íîå ïîëå. |F| ≥ m ≥ n.

• F = {f1, f2, . . . , fm, . . . }
• RS : Fn → Fm.

• RS(a0, a1, . . . , an−1) = (z1, z2, . . . , zm), ãäå

• zi = a0 + a1fi + a2f
2
i + · · ·+ an−1f

n−1
i

• Äâà ðàçíûõ ìíîãî÷ëåíà ñòåïåíè n − 1 ìîãóò ñîâïàäàòü íå
áîëåå, ÷åì â n − 1 òî÷êå.

• x 6= y =⇒ ∆(x , y) = 1
m (m − (n − 1)) = 1− n−1

m .

• Èòîãî: êîä Ðèäà-Ñîëîìîíà êîä ñ ðàññòîÿíèåì 1− n−1
m .
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Êîä Ðèäà-Ñîëîìîíà: äåêîäèðîâàíèå

• (a1, b1), (a2, b2), . . . , (am, bm) ∈ F2

• Ñóùåñòâóåò òàêîé ìíîãî÷ëåí G ñòåïåíè d , ÷òî G (ai ) = bi

äëÿ t ðàçëè÷íûõ i , ãäå t > m
2 + d

2 .

• Òðåáóåòñÿ âîññòàíîâèòü G çà ïîëèíîìèàëüíîå âðåìÿ.

Àëãîðèòì Áåðëåêàìïà-Âåë÷à

1 E (x) � ìíîãî÷ëåí, òàêîé, ÷òî E (ai ) = 0, åñëè G (ai ) 6= bi .

2 deg E (x) < m
2 −

d
2

3 Ïóñòü C (x) = E (x)G (x), òîãäà äëÿ âñåõ 1 ≤ i ≤ m
âûïîëíÿåòñÿ C (ai ) = biE (ai ).

4 Ñîñòàâèì ñèñòåìó óðàâíåíèå C (ai ) = biE (ai ), ãäå
deg C < m

2 + d
2 , deg E < m

2 −
d
2 .

5 m óðàâíåíèé, < m íåèçâåñòíûõ � íàéäåì íåíóëåâîå
ðåøåíèå.
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Àëãîðèòì Áåðëåêàìïà-Âåë÷à

1 E (x) � ìíîãî÷ëåí, òàêîé, ÷òî E (ai ) = 0, åñëè G (ai ) 6= bi .

2 deg E (x) < m
2 −

d
2

3 Ïóñòü C (x) = E (x)G (x), òîãäà äëÿ âñåõ 1 ≤ i ≤ m
âûïîëíÿåòñÿ C (ai ) = biE (ai ).

4 Ñîñòàâèì ñèñòåìó óðàâíåíèå C (ai ) = biE (ai ), ãäå
deg C < m

2 + d
2 , deg E < m

2 −
d
2 .

5 m óðàâíåíèé, < m íåèçâåñòíûõ � íàéäåì íåíóëåâîå
ðåøåíèå.

6 C̃ (x), Ẽ (x) � íàéäåííûå ðåøåíèÿ.

7 C̃ (x)− Ẽ (x)G (x) � ìíîãî÷ëåí ñòåïåíè < m
2 + d

2 , ó
êîòîðîãî > m

2 + d
2 êîðíåé =⇒ ýòî íóëü-ìíîãî÷ëåí.

8 G (x) = C̃ (x)/Ẽ (x).
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Êîä Óîëøà-Àäàìàðà

• Îñíîâíîé íåäîñòàòîê êîäà Ðèäà-Ñîëîìîíà: íå áèíàðíûé
àëôàâèò.

Êîä Óîëøà-Àäàìàðà

• x , y ∈ {0, 1}n, îïðåäåëèì x � y = ⊕n
i=1xiyi .

• WH(x) = (x � y)y∈{0,1}n

• WH : {0, 1}n → {0, 1}2n

• Ýòî ëèíåéíûé êîä: WH(x ⊕ z) = WH(x)⊕WH(z)

• x , z ∈ {0, 1}n, x 6= z =⇒ x ⊕ z 6= 0n =⇒ ∃i(x ⊕ z)i = 1 .

• y ∈ {0, 1}n, y (i) � ñòðîêà ñ çàìåíåíûì i-ì áèòîì.
(x ⊕ z)� y 6= (x ⊕ z)� y (i).

• WH(x) è WH(z) îòëè÷àþòñÿ êàê ìèíèìóì â ïîëîâèíå
áèòîâ.

• Êîä Óîëøà-Àäàìàðà èìååò ðàññòîÿíèå 1
2 .
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Êàñêàäíûé êîä

• Êîä Ðèäà-Ñîëîìîíà íå äëÿ áèíàðíîãî àëôàâèòà

• Êîä Óîëøà-Àäàìàðà ýêñïîíåíöèàëüíî óäëèíÿåò

Êàñêàäíûé (concatenated) êîä

• Âûáåðåì ïîëå F, |F| = 2k

• RS : Fn → Fm

• WH : {0, 1}k → {0, 1}2k

• Êàæäûé ýëåìåíò ïîëÿ F ñòàíäàðòíûì îáðàçîì
îòîæäåñòâëÿåòñÿ ñ {0, 1}k .

• x ∈ {0, 1}nk , RS(x) = z1z2 . . . zm, ãäå zi ∈ {0, 1}k

• WH ◦ RS(x) = WH(z1)WH(z2) . . .WH(zm).
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Êàñêàäíûé êîä

• x ∈ {0, 1}nk , RS(x) = z1z2 . . . zm, ãäå zi ∈ {0, 1}k

• WH ◦ RS(x) = WH(z1)WH(z2) . . .WH(zm).

• Ïóñòü δ1 = 1− n−1
m � ðàññòîÿíèå êîäà RS , δ2 = 1

2 �
ðàññòîÿíèå êîäà WH.

• Ðàññòîÿíèå êàñêàäíîãî êîäà δ1δ2.

• WH ◦ RS : {0, 1}nk → {0, 1}m2k

• Âûáåðåì m = 5n ≤ 2k ≤ 10n. Òîãäà êîä
WH ◦ RS : {0, 1}nk → {0, 1}5n2k

c δ = 0.4.
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Êîä Ðèäà-Ìþëëåðà

• F � êîíå÷íîå ïîëå. `, d � ÷èñëà. d < F.
• Âõîäíàÿ ñòðîêà: ìíîãî÷ëåí îò ` ïåðåìåííûõ ñòåïåíè d :

P(x1, x2, . . . , x`) =
∑

i1+···+i`≤`

ci1...i`x
i1
1 x i2

2 . . . x i`
l

• Êîä: çíà÷åíèå P íà âñåõ âîçìîæíûõ çíà÷åíèÿõ
ïåðåìåííûõ.

• RM : FCd
`+d → F|F|l

• Ïðè l = 1 ïîëó÷àåòñÿ êîä Ðèäà-Ñîëîìîíà.

• Ïðè d = 1, F = Z2 ïîëó÷àåòñÿ ïî÷òè êîä Óîëøà-Àäàìàðà:
x ∈ {0, 1}n 7→ z ∈ {0, 1}2·2n

, ãäå zy ,a = x � y ⊕ a,
y ∈ {0, 1}n, a ∈ {0, 1}

• Ðàññòîÿíèå êîäà 1− d
|F| .

10 / 19



Ëåììà Øâàðöà-Çèïïåëÿ

Ëåììà. Åñëè ìíîãî÷ëåí p(x1, x2, . . . , x`) íàä êîíå÷íûì ïîëåì F
íåíóëåâîé ñòåïåíè ≤ d , òîãäà

Pr
a1,...,al←F

[p(a1, a2, . . . , a`) 6= 0] ≥ 1− d

|F|

Äîêàçàòåëüñòâî.

• l = 1: èçâåñòíîå óòâåðæäåíèå

• p(x1, . . . , x`) =
∑d

i=0 x i
1pi (x2, . . . , x`)

• Ïóñòü k íàèáîëüøåå ÷èñëî, ÷òî pk 6= 0, deg pk ≤ d − k .

• Pra1,...,al←F [pk(a2, . . . , a`) 6= 0] ≥ 1− d−k
|F|

• Êîãäà pk(a2, . . . , p`) 6= 0, òî p(x1, a2, . . . , ak) èìååò ≤ k
êîðíåé.

• Pr[p(a1 . . . am) 6= 0] ≥ (1− k
|F|)(1−

d−k
|F| ) ≥ 1− d

|F|
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Ëîêàëüíûé äåêîäåð

Îïðåäåëåíèå. E : {0, 1}n → {0, 1}m � êîä. Ëîêàëüíûì
äåêîäåðîì äëÿ E , èñïðàâëÿþùèì ρ îøèáîê, íàçûâàåòñÿ
âåðîÿòíîñòíûé àëãîðèòì D:

1 Êîòîðûé ïîëó÷àåò îðàêóëüíûé äîñòóï ê áèòàì y , ãäå
∆(y ,E (x)) < ρ

2 D ðàáîòàåò poly(log m) øàãîâ

3 Pr[Dy = xj ] ≥ 2
3
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×åì ïîìîãàåò ëîêàëüíûé äåêîäåð?

• Ïóñòü f : {0, 1}n → {0, 1} � ÿâíàÿ òðóäíàÿ ôóíêöèÿ
Hwrs(f ) = S(n).

• Òàáëèöà èñòèííîñòè f � ýòî ñòðîêà èç {0, 1}N , ãäå N = 2n.

• E (f ) ∈ {0, 1}Nc
� ýòî òàáëèöà èñòèííîñòè ôóíêöèè

g : {0, 1}cn → {0, 1}.
• Ïóñòü H1−ρ

avg (g) = S ′(cn).

• Åñòü ëîêàëüíûé äåêîäåð, êîòîðûé ÷èòàåò E (f ) ñ ρ
îøèáêàìè, ðàáîòàåò (cn)r øàãîâ.

• Ïî äåêîäåðó ñòðîèì ñõåìó ðàçìåðà (cn)2rn2S ′(cn), êîòîðàÿ
áåç îøèáîê âû÷èñëÿåò f .

• S ′(cn) ≥ S(n)/poly(n)
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Ëîêàëüíûé äåêîäåð äëÿ êîäà

Óîëøà-Àäàìàðà

• Äàíà òàêàÿ ôóíêöèÿ g : {0, 1}n → {0, 1}, ÷òî
Pry [g(y) 6= x � y ] ≤ ρ < 1

4 äëÿ íåêîòîðîãî x .

• Òðåáóåòñÿ óçíàòü xj

• Ïóñòü e j : âåêòîð ñ e j
j = 1, e j

k = 0, k 6= j .

• Âûáåðåì ñëó÷àéíóþ ñòðîêó y ∈ {0, 1}n.
• Ñ âåðîÿòíîñòüþ 1− 2ρ > 1

2 âûïîëíÿåòñÿ
g(y) = x � y , g(y + e j) = x � (y + e j).

• g(y) + g(y + e j) = x � y + x � (y + e j) =
2(x � y) + x � e j = x � e j = xj .

• Ïîâòîðåíèåì ìîæíî ïîíèçèòü âåðîÿòíîñòü îøèáêè.
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Ëîêàëüíûé äåêîäåð äëÿ êîäà

Ðèäà-Ìþëëåðà

• Áóäåì ñ÷èòàòü, ÷òî ìíîãî÷ëåí çàäàí íå ñïèñêîì
êîýôôèöåíòîâ, à çíà÷åíèÿìè íà íåêîòîðûõ C `

`+d òî÷êàõ.

• Pry∈F` [P(y) 6= g(y)] < ρ ≤ (1− d
|F|)/6, P � ìíîãî÷ëåí

ñòåïåíè d îò ` ïåðåìåííûõ.
• Öåëü: âû÷èñëèòü P(x) (åñòü îðàêóëüíûé äîñòóï ê g !).
• Âûáåðåì ñëó÷àéíóþ ïðÿìóþ, ïðîõîäÿùóþ ÷åðåç òî÷êó x .

Lx = {x + ty | t ∈ F}, y ← U(F`)

• Çàïðîñèì g íà âñåõ |F| òî÷êàõ Lx , ïîëó÷èì òî÷êè
{(t, g(x + ty))} äëÿ t ∈ F.

• Ñ âåðîÿòíîñòüþ õîòÿ áû 2
3 íà âûáðàííîé ïðÿìîé áóäåò íå

áîëåå 3ρ|F| < (1− d/|F|)|F|/2 íåïðàâèëüíûõ îòâåòîâ.
• Q(t) = P(x + ty) � ìíîãî÷ëåí ñòåïåíè d . Âîñïîëüçóåìñÿ
äåêîäåðîì äëÿ êîäà Ðèäà-Ñîëîìîíà.

• Âûäàäèì Q(0).
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Ëîêàëüíûé äåêîäåð äëÿ êàñêàäíûõ êîäîâ

• E1 : {0, 1}n → Σm, E2 : Σ→ {0, 1}k ,
E = E2 ◦ E1 : {0, 1}n → {0, 1}mk . Äåêîäåð ê Ei îáðàáàòûâåò
ρi îøèáîê è äåëàåò qi çàïðîñîâ.

• Äàí îðàêóëüíûé äîñòóï ê òàêîé ñòðîêå y ∈ {0, 1}mk , ÷òî
∆(y ,E2 ◦ E1(x)) < ρ1ρ2

• Ìîäåëèðóåì ðàáîòó äåêîäåðà E1. Åñëè íóæåí ñèìâîë
E1(x), òî çàïóñêàåì äåêîäåð äëÿ E2, ÷òîáû îí âûäàë âñå
áèòû ýòîãî ñèìâîë ñ âåðîÿòíîñòüþ ≥ 1− 1/(10q1). Íà ýòî
óéäåò O(q2 log |Σ| log q1) âîïðîñîâ.

• Íå áîëåå, ÷åì â ρ1m ñèìâîëàõ E1(x) ñèìâîëû èñêàæåíû
áîëüøå, ÷åì íà ρ2.

• Ñ âåðîÿòíîñòüþ 0.9 óäàñòüñÿ ïðîìîäåëèðîâàòü êîððåêòíóþ
ðàáîòó E1.
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WH ◦ RM

Íàì äîñòàòî÷íî ïîëó÷èòü êîä E : {0, 1}N → {0, 1}Nc
, ãäå

N = 2n:

1 Äëÿ âñåõ x ∈ {0, 1}N , E (x) âû÷èñëèìî çà âðåìÿ poly(N)

2 Åñòü ëîêàëüíûé äåêîäèðóþùèé àëãîðèòì, êîòîðûå
èñïîëüçóåò poly(log N) âðåìåíè è èñïðàâëÿåò 0.01 äîëþ
îøèáîê.

Âûáåðåì êîä Ðèäà-Ìþëëåðà ñ òàêèìè ïàðàìåòðàìè:

• |F| = log5 N

• ×èñëî ïåðåìåííûõ ` = log N/ log log N

• Ñòåïåíü d = log2 N
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WH ◦ RM

Âûáåðåì êîä Ðèäà-Ìþëëåðà ñ òàêèìè ïàðàìåòðàìè:

• |F| = log5 N

• ×èñëî ïåðåìåííûõ ` = log N/ log log N

• Ñòåïåíü d = log2 N

• Âõîä èìååò äëèíó C l
l+d ≥ (d

l )
l > N (ìîæíî ñ÷èòàòü, ÷òî

âõîä èç {0, 1}N). Âûõîä èìååò äëèíó |F|l ≤ poly(N).
Ðàññòîÿíèå êîäà íå ìåíüøå, ÷åì 1− 1/ log N.

• Êîä
WH : {0, 1}log |F| = {0, 1}5 log log N → {0, 1}|F| = {0, 1}log5 N .

• WH ◦ RM : {0, 1}N → {0, 1}poly(N)

• Ñóùåñòâóåò ëîêàëüíûé äåêîäåð, èñïðàâëÿþùèé
(1− 1/ log N)1

6 ·
1
2 îøèáîê.
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Äåðàíäîìèçàöèÿ

• Ïî f ∈ DTime(2O(n)) c Hwrs(f ) = S(n) ñòðîèòñÿ
g ∈ DTime(2O(n)) ñ H0.99

avg (g) = S(n)/poly(n);

• Ïî XOR-ëåììå H
1
2
+ε

avg (g⊕k) ≥ ε2

poky(N)S
′(n), ε < 0.99k ,

S ′(n) = S(n)/poly(n).

• 1
S ′ < ε < 0.99k

• k = O(log S ′) = O(n), g⊕k : {0, 1}n2 → {0, 1}S ′(n)

• Åñëè Hwrs(f ) ≥ 2nε
, òî BPP ⊆ QuasiP = DTime[2polylog(n)].

• Åñëè Hwrs(f ) ≥ nω(1), òî
BPP ⊆ SUBEXP = ∩ε>0DTime[2nε

].
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